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Abstract 


Symmetry-protected topological (SPT) phases of matter have been interpreted in 
terms of anomalies, and it has been expected that a similar picture should hold for SPT 
phases with fermions. Here, we describe in detail what this picture means for phases of 
quantum matter that can be understood via band theory and free fermions. The main 
examples we consider are time-reversal invariant topological insulators and supercon¬ 
ductors in 2 or 3 space dimensions. Along the way, we clarify the precise meaning 
of the statement that in the bulk of a 3d topological insulator, the electromagnetic 
0-angle is equal to vr. 
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1 Introduction 

1.1 Goal Of This Paper 

Symmetry-protected topological (SPT) bosonic phases of matter can be characterized by 
anomalies [^. The meaning of this statement is as follows. 

A d-dimensional SPT phase is gapped in bulk and has no topological order in the usual 
sense: on a compact d-dimensional spatial manifold M without boundary, it has a unique 
ground state. But such a theory is not quite trivial. On a compact spacetime manifold X 
of dimension D = d + 1, in the large volume limit, in general in the presence of a suitable 
background gauge held, and after removing local, nonuniversal terms, the partition function 
of such a theory is a complex number of modulus 1, Here e''*’ is the partition 

function of a topological quantum held theory T that is “invertible,” its inverse being the 
theory with complex conjugate partition function 

In this situation, typically e''*’ cannot be dehned as a topological invariant in a satisfactory 
way - consistent with all expected symmetries and with physical principles such as unitarity 
- if the spatial manifold M (and therefore the spacetime X) has a boundary. To dehne the 
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theory T in this situation, the boundary of M (and X) must be endowed with additional 
degrees of freedom of some kind. There are several possibilities, but the case of interest in 
the present paper is that there are gapless degrees of freedom along the boundary of M and 
X, preserving the symmetries of theory T. 


We write 23 for the theory describing the gapless degrees of freedom on the boundary 
of X. This theory has an “anomaly” of some kind, and does not possess all of the desired 
physical properties, since if 23 were an entirely satisfactory and symmetry-preserving theory 
by itself, then including it on the boundary Y = dX of X would not resolve whatever 
difficulty there is in dehning theory T on X in the hrst place. The anomaly in dehning 
theory IB on dX somehow cancels the difficulty in dehning theory T on X. Thus, this 
situation exemplihes - usually in a more abstract way - the idea of anomaly inhow from the 
bulk to the boundary [^. For a general mathematical treatment of this situation, see [^. The 
prototype of this situation in condensed matter physics is the integer quantum Hall effect 
on a two-manifold M with boundary. On M - or rather on the three-manifold X = M x M, 
where M parametrizes the time - there is a Chern-Simons coupling of the electromagnetic 
vector potential A: 

p2 r 

I = fcCS(H), CS(H) = — / d^x^^^Aid.Ak, keZ. (1.1) 

4:71 Jy 

This coupling is not gauge-invariant on a manifold with boundary, and the associated 
“anomaly” is canceled by the coupling of A to chiral edge modes that propagate on the 
boundary. (If these modes all have unit charge, then their multiplicity is k.) Theory de¬ 
scribes those chiral edge modes, and its anomaly is the two (spacetime) dimensional version 
of the Adler-Bell-Jackiw anomaly for chiral fermions [^[^. 


Some of the most interesting SPT phases studied in recent years - and observed exper¬ 
imentally in several important cases - are the topological insulators and superconductors 
that can be constructed out of free fermions via band theory. For introductions and reviews, 
see [6]-[^. The crucial symmetries in these examples are time-reversal symmetry T and the 
U(l) symmetry associated to conservation of electric charge. The purpose of the present 
paper is to understand these free fermion topological phases of matter from the standpoint 
of anomalies and anomaly inflow. Several results in this direction were obtained previously 
in [^, where it was conjectured - correctly, as will become clear - that a fuller picture would 
result from consideration of global anomalies. In analyzing this problem, we make use of 
index theory, applied to fermion path integrals. This is not surprising, since the free fermion 
phases can be classihed via K-theory (or by classes of matrices, which are related [II]), 


and index theory was invented 12,13 as the analysis associated to K-theory. 


We should say at the outset that a few of our considerations are somewhat fanciful from 
the point of view of condensed matter physics. We work in a relativistic framework in which 
one can consider a theory on an arbitrary Z2-manifold X, with spatial boundary Y. As in 
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most studies of anomalies, it is technically convenient to take X to have Euclidean signa¬ 
ture, and we do so. The relativistic framework is available because the boundary fermions 
of the standard topological phases are governed by Dirac-like equations with an emergent 
relativistic symmetry, but relying on it is unnatural from the point of view of condensed 
matter physics. Perhaps it is possible to interpret our results in a Hamiltonian framework 
more natural for condensed matter physics, but we will not try to do this. Experience seems 
to show that gapped condensed matter systems are frequently governed by fully relativistic 
theories, but this is not fully understood. 


Also, because of their emergent relativistic symmetry, the boundary fermions we study 
inevitably possess an emergent symmetry that in D = 4 is usually called CPT (where C is 
charge conjugation and P is parity or spatial inversion). However, this formulation is not 
valid for odd D (even spatial dimension d), since in that case P is contained in the connected 
part of the spatial rotation group and should be replaced by an operation that reverses the 
orientation of space. To use a language that is equivalent to the usual CPT statement for 
even D but is uniformly valid for all D, we will refer instead to CRT symmetry, where R is a 
reflection of one spatial coordinate. CRT symmetry is always valid in a relativistic theory of 
any dimension, so, though not very natural in condensed matter physics, it is an emergent 
symmetry of the usual gapless fermions on dX for all of the usual free fermion phases. This 


will be used at some points, notably in section [37f| to describe the topological quantum held 
theory associated a topological insulator in 2 space dimensions. 


Actually we have been a little imprecise in this introduction in speaking of topological 
quantum held theory (TQFT). Theories studied in this paper contain fermions, so they 
require a spin structure on spacetime (or a pin structure in the unorientable case). Hence 
the structure of interest is analogous to a TQFT except that spacetime is required to have 
a chosen spin (or pin) structure. We will use the name sTQFT (spin topological quantum 
held theory) to refer to a theory that is like a TQFT except that it includes fermions. For 


early study of such theories in the context of D = 3 Chern-Simons theory, see 14 . The “s” 
in sTQFT can refer to either a spin structure or a pin structure, depending on context. The 
reader may want to consult the appendices for explanations of spin and pin structures, and 
related matters. 


1.2 Some Generalities About Fermions 

Now we will explain a few generalities about fermions and anomalies that will be useful 
background for this paper. First of all, anomalies always come from massless fermions only; 
massive fermions never contribute to anomalies. A technical explanation is that whatever 
symmetries a massive fermion ip may possess are also possessed by a Pauli-Villars regulator 
held (a held of opposite statistics, obeying the same Dirac equation as ip but with a much 
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larger mass). So massive fermions can always be regnlarized in a way that preserves their 
symmetries, and they never contribute anomalies. 

Hence, as one would expect intuitively, in analyzing fermion anomalies, one can ignore 
gapped degrees of freedom. In fact, we can ignore gappable degrees of freedom - fermions that 
could have a symmetry-preserving bare mass, even if they do not - since again a symmetry¬ 
preserving regulator is possible for such fermions. A corollary is that in any relativistic 
theory of fermions 'ip in any dimension, there is no problem in defining the absolute value 
\Z^\ of the fermion path integral consistent with all symmetries and physical principles. 
This is because a conjugate set of fermions ip, transforming under any symmetries as the 
complex conjugate of pj, and with an action that is the complex conjugate of the action of 
pj, would have partition function Z^. The combined system of fermions p) (B p^ is always 
gappable. This combined system would have partition function Z^Z^ = Thus there 

is no anomaly in \Z^\‘^ or equivalently in \Zip\. 

Implicit in the last paragraph is that in Euclidean signature, and in contrast to Lorentz 
signature, fermions do not necessarily transform in a real or self-conjugate representation of 
the relevant symmetry group (so pj and p! may transform differently). For example, the edge 
modes in the integer quantum Hall effect are described by a fermion held pj in spacetime 
dimension 2 that has dehnite chirality, meaning in Euclidean signature that ip transforms 
with spin 1/2 (or spin —1/2) under the rotation group SO(2). The chiral asymmetry of the 
edge modes mean that there is no corresponding held of the opposite chirality, transforming 
as the complex conjugate of It is only in Lorentz signature that fermions - like bose 
helds - are real. For instance, continuing with the example of the chiral edge states, the 
spin 1/2 representation of S'0(2), in which a rotation by an angle (p acts as becomes 
after continuation to Lorentz signature a 1-dimensional representation of S'0(1,1), in which 

a Lorentz transformation j sinhrcX which is real. 

ysmh w cosh w J 

In general, relativistic fermions ht in three broad classes, according to how they transform 
under the appropriate symmetry group K in Euclidean signature. In K, we include the 
rotation group SO{D), possible discrete symmetries such or R, and gauge and/or 

global symmetries. Fermions may transform in (1) a pseudoreal representation, (2) a real 
representation, or (3) a complex representation. Of course, mixtures of these cases are also 
possible; for example, a theory may have some fermions transforming in a representation of 
one type and some in a representation of the other type. (Also, a reducible representation 

Hn Euclidean signature, all symmetries act on the fermions in a linear fashion. The antilinear nature of 
T arises in analytic continuation back to Lorentz signature. The CRT theorem means that one Euclidean 
symmetry can be continued to two distinct symmetries in Lorentz signature; for example, a Euclidean 
signature symmetry CR continues to either the antilinear symmetry T or the linear symmetry CR in Lorentz 
signature, depending on whether the reflection R acts on the spacetime coordinate that is being analytically 
continued. 


6 



can be of more than one type; see section 3.6 ) 
paper. 


We will enconnter all three types in this 


An irreducible representation R of the group K is said to be pseudoreal if it admits 
an invariant, antisymmetric bilinear form uj. In this case, fermions transforming in the 
representation i?, which we denote as a = 1,... ,dimi?, can have a A"-invariant bare 
mass ■ (This is consistent with fermi statistics, since uj is antisymmetric.) Hence, 

fermions transforming in a pseudoreal representation will never contribute to anomalies, and 
strictly speaking case (1) is not relevant to our considerations. However, there is a variant of 
this case that we might call case (!'). This is the case of a T-conserving theory with fermions 
that transform in a representation R that is pseudoreal if one omits T in the definition of K, 
but not if one includes T. Since the fermions are pseudoreal if T is ignored, such a theory 
can always be quantized in a consistent way, but there may be an anomaly in T symmetry. 
This anomaly comes from a problem involving the sign of the fermion path integral Z^, 
as explained in section Basic examples are the boundary fermions of a 3d topological 
insulator or superconductor, formulated on an orientable manifold only. We will begin with 
this example, because the topological invariants involved are relatively familiar. Also, our 
results in the case of the 3d topological insulator may be particularly interesting, as we will 
be able to get a more precise description of the sense in which 15 a 3d topological insulator 
is characterized by an electromagnetic ^-angle equal to tt. 


Concerning case (2), an irreducible representation i? of A' is said to be real if it admits an 
invariant, symmetric bilinear form h. For a fermion 'ip transforming in such a representation, 
a bare mass is forbidden by fermi statistics, since = 0 because of fermi statistics. 

However, if we double the fermion spectrum, adding a second multiplet pj also transforming in 
the representation of i?, then a iC-invariant bare mass becomes possible. Doubling 

the spectrum replaces the fermion path integral with its square so is anomaly-free 
and for real fermions, an anomaly can only affect the sign of Z^. The basic examples that 
we will consider are edge states of a 2d topological superconductor or insulator. 


Finally, concerning case (3), R is said to be complex if it admits no invariant bilinear 
form. In this case, the fermion path integral Z^ is complex in general. Unlike the other cases, 
fermions that transform in a complex representation can have perturbative anomalies - the 
standard Adler-Bell-Jackiw anomaly, and its analogs in other dimension. In this context, 
a “perturbative” anomaly is one that can be seen when fermions are quantized in a weak 
gauge or gravitational held, as opposed to “global” or “nonperturbative” anomalies that 
are invisible in weak background helds and involve global considerations. For example, the 
edge modes in the integer quantum Hall effect transform in a complex representation, and 
they do have a perturbative anomaly (which compensates for the lack of gauge invariance 
of the Chern-Simons coupling (1.1) on a manifold with boundary). However, in the present 
paper, we consider only cases in which perturbative anomalies are absent, leaving only the 
more subtle global anomalies. Our basic example of complex fermions will be edge modes 
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of a 3d topological superconductor or insulator, now on a possibly unorientable manifold. 
In particular, in the case of the topological superconductor, it turns out that the anomaly 
involves a 16^^ root of unity. (A specihc computation for this system exhibiting an anomaly 
involving an 8*^ root of unity was performed in 16 ; the sense in which the anomaly is 


of order 16 rather than 8 is rather subtle, as we explain in section 4.6[ ) The fact that 
the anomaly involves a 16*^ root of unity means that although at the free fermion level, 
topological superconductors are classified by a Z-valued invariant, anomalies see only the 
reduction of this invariant mod 16. In fact, it is known 17-20 that with interactions 


included, the classification of 3d topological supeconductors is reduced from Z to Ziq, so 
anomalies precisely detect the 16 different classes. For a 3d topological insulator, the anomaly 
even on an unorientable manifold involves only a sign and the anomaly detects precisely the 
expected Z 2 -valued invariant. 


Anomalies for the case that the representation R in Euclidean signature is real were 
originally studied in 21,^. Such anomalies can be understood topologically in a fairly 
direct way, in terms of the mod 2 index of the Dirac operator. The case of pseudoreal 
fermions can be understood somewhat similarly, using the ordinary Dirac index rather than 
the mod 2 index, and was originally studied in 23 25 . Finally, global anomalies for complex 


//-invariant 
theorem 


fermions were analyzed in 26 and were expressed in terms of the Atiyah-Patodi-Singer (APS) 
27 . This relation was later rehned in a result that we will call the Dai-Freed 


The Dai-Freed theorem is useful in a variety of problems involving complex 

We will make use 


fermions, such as the worldsheet path integral of the heterotic string 
of it in section 14.41 


29 


Part of the motivation for the present work was the suggestion 30 that the partition 


function of a 3d topological superconductor on a 4-manifold would be the exponential of an 
//-invariant. We will see that this proposal follows from a standard characterization of the 
phase transition between a trivial and topological superconductor. We will show by direct 
computation of partition functions that, as suggested by previous workj^sTQFT’s associated 
to free fermion states of matter have cobordism-invariant partition functions, the proposal 
that sTQFT’s associated to free fermion states of matter have cobordism-invariant 


m 


30 


partition functions follows from direct calculation of partition functions for the bulk gapped 
fermions. The relation of these bulk calculations to the anomalies of boundary fermions 
follows from the Dai-Freed theorem in general, and from more elementary considerations 
when the gapless boundary fermions are real or pseudoreal. 


^As briefly explained in the discussion of eqn. (5.4) in |3l| , in general U(l)-valued cobordism invariants 
are partition functions of unitary TQFT’s or sTQFT’s. It was shown in that in the examples we consider 
in this paper, the possible cobordism invariants are in 1-1 correspondence with free fermion phases of matter. 
(In higher dimensions, there are cobordism invariants that do not have an obvious connection to free fermion 

we give some 


phases, so they may be associated to interacting phases of matter.) In sections 2.1.7 and 2.1.9 


very partial indications of how cobordism invariance is related to physical principles such as unitarity and 
the behavior under cutting and gluing. 





























The literature on anomalies is too vast to be properly summarized here. However, several 
additional papers in which various problems are treated in a similar spirit to the approach 
here are 


32 


rigorously; 


in which considerations of 
with 


29 concerning the heterotic string are formulated 


33| with (in section 2) a precise dehnition of the path integral of M-theory 
on an 11-manifolcQ [^, in which a more general version of that problem is treated very 
precisely; [^, in which (in section 5.3) an analog of the topological insulator appears in a 
problem involving D-branes in string theory; and on the anomaly held theory associated 
to chiral fermions. As this paper neared completion, the author became aware of related 
work involving the r^-invariant in the context of SPT phases 


37 


1.3 Organization and General Remarks 


The contents of this paper can be summarized as follows. In section we discuss pseudoreal 
fermions or more precisely fermions that are pseudoreal if one ignores T symmetry. In 
section we discuss real fermions, and in section we discuss complex fermions. In section 
we briehy consider another example with real fermions: the Majorana chain 38 in 1 + 1 
dimensions. The overall idea is to start with simple examples and gradually introduce more 
complicated ones. We give a sort of overview of the different cases in section 2.3 


We have tried to make the body of this paper relatively self-contained, but some details 
are contained in appendices. For basic dehnitions about spinors in Riemannian geometry, 
see Appendix]^ For details in low dimension, see Appendix]^ The ? 7 -invariant in 4 (and 2) 
dimensions is analyzed in Appendix 

In this paper, with the sole exception of section we only consider time-reversal symme¬ 
tries with T^ = (—1)'^ (here (—1)'^ is the operator that counts fermions mod 2). This also 
means that the square of a spatial reflection R (or CR in the presence of a U(l) symmetry) 
is -|-1, and that when we work on an unorientable manifold, we use a Pin’*' structure, not 
a Pin” structure. For an explanation of these concepts, see Appendix In section all 
statements are reversed: T^ = -1-1, R^ = (—1)^, and the spacetime is endowed with a Pin” 
structure. 


We frequently introduce a Pauli-Villars regulator held as an aid in dehning precisely a 
continuum theory of fermions. The sign of the regulator mass is then an important variable. 
In condensed matter physics, there would be no regulator but a physical cutoff. For example, 
in band theory, gapless relativistic fermions arise at a particular point (or points) in a band, 
and the topology of the rest of the band plays a role analogous to the sign of the regulator 

^Because of the mod 8 periodicity of real K-theory, this ll-dimensional problem actually has much in 
common with the case of 3-dimensional boundary fermions treated in section But the details are different 
and the anomaly cancels with no need for inflow from 12 dimensions. 
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mass in the Pauli-Villars approach. 

We usually phrase our arguments in terms of partition functions. There is much more 
to a physical theory than its partition function, but in the case of free fermions, if there is 
a satisfactory definition of the partition function, there is always a satisfactory definition of 
correlation functions. So focusing on the partition function is a convenient shorthand for 
determining if a theory is well-defined. Occasionally the partition function vanishes and one 
must consider the path integral measure instead. 


2 Pseudoreal Fermions 

2.1 Topological Insulator in d = 3 

2.1.1 Basics 


Our first example will be a topological insulator in d = 3, studied in this section on an 
oriented 3 -|- 1-dimensional spacetime X. X has a spatial boundary, which is a 2 -|- 1- 
dimensional orientable manifold Y. The boundary mode of the topological insulator is a 
2 -|- 1-dimensional massless two-component Dirac fermion 'ip, with action 

/ = y d?■ (2.1) 

Here ij) = is the usual Dirac operator, 'ip couples to the vector potential A of 

electromagnetism, just like the electron; indeed, in band theory, ip originates as a mode of 
the electron. 

It is possible to endow ip with a Lorentz-invariant mass term. The Dirac equation then 
become^ 

{0 - m) Ip = 0, (2.2) 

with real m. This describes a particle of mass \m\ and spin ^sign(m). Time-reversal and 
reflection symmetry reverse the sign of the particle spin, so the perturbation to m 7 ^ 0 is T- 

^In local Lorentz coordinates, our Dirac matrices are real matrices obeying { 7 a, 7&} = 2r]ab where rj = 
diag(—1, 1, 1). These conventions are convenient for T-invariant systems with Y = (—1)^, and make it 
straightforward to compare Majorana and Dirac fermions. 
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(2.3) 


and R-violating. Concretely, a T-transformatiorj^ 


T'4!{t,xi,X2) = 7o'0(-t,a;i,a;2) 


is easily seen to reverse the sign of m in the Dirac eqnation. If, however, we have two 
identical Dirac fermions 'ipi, '02, both transforming nnder T as in eqn. (2.3), then one can 
add a T-invariant[^ mass term to the Dirac eqnation: 



/ 0 im\\ 
\-im 0 J J 


0 . 


(2.4) 


Diagonalizing the mass term, one hnds that T exchanges two modes of eqnal mass (and 
charge) and opposite spin. Since a single Dirac fermion cannot acqnire a T-conserving mass, 
it follows that in dimension 3 + 1, if a T-invariant material has a single massless Dirac fermion 
on its bonndary, then this state of affairs is protected by T-invariance. We have written this 
paragraph in Lorentz signatnre, because this makes the action of T most transparent, but in 
our analysis below of the path integral for -0 and its anomaly, we take Y to have Euclidean 
signature. 


The path integral of the 0 held is formally the determinant of the operator D = ilp\ 

= det V. (2.5) 

The operator V is hermitian, so its eigenvalues are real: 

Vi/Ji = Xi e M. (2.6) 

Formally, the determinant is the product of eigenvalues: 

detT> = JjAi. (2.7) 


Formally, this is real, since all the factors are real. This reality has a simple physical 
meaning: it rehects the T-invariance of the classical held theory that we are trying to quan¬ 
tize. In general, in any unitary QFT, on an orientable spacetime X of Euclidean signature, 
the partition function is complex-conjugated if one reverses the orientation of X. In a T- 
invariant theory, this reversal of orientation is a symmetry, so the partition function is always 


®For a Majorana fermion, we will have to consider two possible signs in this equation: Tip{—t,Xi,X 2 ) = 
±7o0(—t,cci, 0 : 2 ). For a Dirac fermion with U(l) symmetry, we can eliminate this sign by transforming, if 
necessary, 0 —>• i0. 

®The mass term in eqn. (2.41 is R-violating, assuming that R - a spatial reflection - is supposed to 
act the same way on both 0i and 02 by R4’i{t,xi,X2) = ±71000—xi, 0 : 2 ). (The mass term conserves 
a different R symmetry.) The only general symmetry in relativistic QFT is CRT, which means that T 
symmetry is equivalent to CR symmetry. Given a T symmetry, there is a canonical CR symmetry, but there 
is no canonical R symmetry. 


11 





real. All this is true only for orientable X; for unorientable X, T-invariance does not require 
the partition function to be real. See section for examples. 


For two massless Dirac fermions, the path integral would be 




( 2 . 8 ) 


Every factor is not just real but positive, so formally one certainly expects to be positive, 
and indeed the path integral for two massless Dirac fermions can be naturally dehned to be 
positive. Being positive, it is equal to and thus is completely anomaly-free, since as 


we explained in section 1.2, the absolute value \Z^\ of a relativistic fermion path integral can 
always be dehned in a completely anomaly-free way, preserving all symmetries. In particular, 
the path integral for two massless Dirac fermions on Y can be dehned in a T-invariant fashion. 
This should come as no surprise, since we have seen above that a T-invariant mass and 
therefore a T-invariant Pauli-Villars regulator are possible. (The T-invariant Pauli-Villars 


regularization is based on the T-invariant massive Dirac equation (2.4), so it uses a regulator 


of positive mass for one linear combination of the two Dirac fermions and of negative mass 
for the other.) 


With only one Dirac fermion, however, we have a problem, because the formal expression 

Z^ = Y[K (2.9) 

i 

is naturally real but not naturally positive. Its sign is roughly speaking the number of A* 
that are negative, mod 2, but the number of negative A* is inhnite, and there is no natural 
way to decide if this inhnite number is even or odd. 


2.1.2 Global Anomaly And Spectral Flow 


In fact, if we try to dehne Z^ to be positive and gauge-invariant, we run into a contradiction. 
We could pick an arbitrary metric and gauge held, say g = go and A = Aq, and dehne Z^ to 
be, say, positive at {A,g) = (Ao,5'o)- Then letting A and g vary, we could follow the sign of 
Z^ continuously, saying that this sign changes whenever an eigenvalue of V passes through 
0. However, this procedure leads to a conhict with gauge-invariance. Let 0 be a gauge 
transformation or the combination of a gauge transformation and a diheomorphism. Let 
(Aq , gfQ) be whatever Aq and go transform into under cj). It is always possible to continuously 
interpolate from {Ao,go) to (AQ,5fg). One introduces a real parameter s, 0 < s < 1, and 
then one sets 

A^ = (1 - s)Ao -I- sA^, gs = {I - s)go + sg^. (2.10) 
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Figure 1: Spectral flow for a Dirac operator. The vertical axis parametrizes an eigenvalue A and 
the horizontal axis parametrizes a parameter s on which the eigenvalues depend. In the case shown, 
the spectrum is the same at s = 1 as at s = 0, but there is a net upward flow of one eigenvalue 
through A = 0 between s = 0 and s = 1. This leads to a sign change of the fermion path integral 

Ztp. 


These formulas have been chosen so that {As,gs) coincides with {Ao,(j)o) at s = 0 and with 
at s = 1. Before accepting this interpolation from (Aqj^o) to we should 

make sure that Ag and Qs are well-defined for all s. A metric Qs is supposed to be positive- 
definite. There is no problem because Qs for 0 < s < 1 is a linear combination with positive 
coefficients of the positive metrics go and g^. For there is actnally no analogons condition 
to be checked. 

Now we evolve (A^,, gg) continnously from s = 0 to s = 1, and we check how many times 
changes sign. Gange invariance implies that shonld have the same sign at s = 1 as at 
s = 0, since {Ag^gg) at s = 1 is gange-equivalent to what it is at s = 0. However, in general 
there is a problem. Gange-invariance implies that the spectrnm of the Dirac operator at 
s = 1 is the same as it is at s = 0, bnt between s = 0 and s = 1, there can be a net “spectral 
flow” of the Dirac eigenvalues, as shown in £g. [T] Snch a spectral flow is only possible 
because V has inhnitely many positive and negative eigenvalnes. 

In the case of the bonndary fermions of the 3d topological insulator, there dehnitely is 
such an inconsistency in trying to dehne the sign of assnming that one expects it to be 
real. There actnally is a topological formula for the net nnmber A of eigenvalues flowing 
throngh A = 0. It is 

A = a, (2.11) 

where as described momentarily, is a certain Dirac index in D = 4. The corresponding 
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formula for the sign change of Z^p between s = 0 and s = 1 is 


Zpj —)■ 1 )^. 


( 2 . 12 ) 


3 will be a Dirac index on a certain four-manifold X, known as the mapping torus. This 
manifold will be a calculational tool to study anomalies in the fermion theory on Y. In our 
discussion of the topological insulator, a four-manifold will generically be called X, whether 
it is a tool to study anomalies or is the worldvolume of a physical system. This reason is that 
the same mathematical considerations will enter in either case. This is not a coincidence 
but represents the importance of the boundary anomalies in the physics of the topological 
insulator. 


To dehne X, let I be the unit interval 0 < s < 1. We glue together the ends of JxD via the 
diffeormorphism (j) to build a four-manifold X without boundary]^ A manifold constructed 
in this way is called a mapping torus. Using also the gauge transformation part of cj), we glue 
together the gauge bundles over the ends of / x U to make a U{1) gauge bundle £ —)■ X. 
Then 3 is the index of the 4d Dirac operator onj^X, coupled to C. (See section 2.1.6 for the 
dehnition of the Dirac index.) This relation between spectral flow in three dimensions and 
the Dirac index in four dimensions, originally obtained in 27 , has applications in QCD and 


has been described in the physics literature 39,40 


What has just been described, in which one looks for a possible inconsistency in the sign 
or phase of Z^p as a function of a parameter s, is the framework of the 1980 ’s for 

studying global anomalies. At one time it was assumed to be the whole story. Nowadays 
it is clear that this is not the case, and in the present paper we will need a more complete 
treatment. The reason that we have begun with the traditional framework is not that we want 
to delve into history but that this is the most elementary way to introduce the important 
topological invariants - notably the index 3 in the present example, and its analogs in 
examples that we introduce later. 


What is missing in the traditional framework can be described as follows. The absence of 
an anomaly in the sign of means that on a particular Y, Zp, is well-dehned as a function 
of (A, g), up to an overall sign that depends on Y but not on (A, g). (In the above reasoning, 
this sign was introduced as the sign of Zp^ at some arbitrary starting point (Ao,(7o)-) But 
we need a way to determine this overall sign, and we should certainly not expect to get a 
satisfactory theory if we dehne the sign of Zp, independently for each Y. A dehnite physical 

^One can slightly modify the s-dependence of the metric so that the metric on X is smooth at the 
endpoints s = 0 and 1. 

® Instead of working on the compact mapping torus X, we could set m = 1/(1 —s) — 1/s = (2s—l)/s(l —s), 
so 0 < s < 1 corresponds to —oo < u < oo, and work on the noncompact four-manifold N' = K x T, with 
metric du^ + gs{u), and the corresponding w-dependent gauge field The index of the Dirac operator 

on X', in the space of square-integrable wavefunctions, is the same as the index on X. 
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theory produces definite answers for these signs. Physically, there mnst be a sensible behavior 
nnder varions cntting and pasting operations in which varions three-manifolds are cnt in 
pieces and glned together in different ways. 

The prototype of snch a cntting relation arises in ordinary qnantnm mechanics, with 
Hamiltonian H, if a time interval of length t is decomposed in snccessive intervals of length 
ti and ^ 2 , where t = ti + t 2 - One has exp(—lift) = exp(—iiPf 2 ) exp(—iTTti), leading to a 
well-known resnlt for transition amplitndes 

(/I exp(-iTrf)lz) = ^(/l exp(-ii/f 2 )|fc)(fc| exp(-ihrfi)|i), (2.13) 

k 


with a snm over intermediate states. This has an analog in qnantnm held theory in any 
dimension, where one cnts a manifold into pieces and claims that the path integral on the 
whole manifold is the prodnct of path integrals on individnal pieces (with a snm over physical 
states where glning occnrs). The qnantnm held theory story is mnch richer than the qnantnm 
mechanical case becanse in higher dimensions there are many more ways to cnt a manifold 
into pieces. Compatibility with cntting and pasting is the essence of the locality of qnantnm 
held theory. 

In cases relevant to topological states of matter - a good example being the 3d topological 
snpercondnctor - even if there is no anomaly in the traditional sense of an inconsistency in 
dehning the path integral on a specihc Y, there can be an anomaly in the more snbtle sense 
that there is no satisfactory way to dehne overall signs or phases of the path integral on 
diherent H’s. One needs to take these more snbtle anomalies into acconnt as part of the 
paradigm “Anomalies in d dimensions <—> SPT phases in d -|- 1 dimensions.” 


Taking these anomalies into acconnt means giving an absolnte dehnition of the sign of 


the fermion path integral for each Y and each (A, g). We will do this next, following 25 


2.1.3 T Anomaly 


The fact that there is a problem in dehning the sign of for a 2 -|- 1-dimensional Dirac 
fermion 'ijj does not mean that this theory is inconsistent. It only means that the theory can¬ 
not be qnantized in a T-invariant (or R-invariant) way. It is possible to dehne Z^ consistently 
if we do not try to make it real. 

After all, ijj conld have a gange-invariant bare mass, which violates T symmetry bnt 
otherwise is perfectly physically acceptable. The possibility of a T-violating mass means 
that, at the cost of losing T symmetry, we can regnlarize this theory by adding a Panli- 
Villars regnlator held y, which one can think of as a bosonic held that obeys a massive Dirac 
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equation {ilj) + i/i)x = 0, for very large /i. In Euclidean signature, the regularized path 
integral is 


-‘ip,reg 


n 


+ ih 


(2.14) 


Actually, what we have written, though good enough for our purposes, is only an approxima¬ 
tion to the Pauli-Villars procedure. In general one introduces a variety of massive hose and 
fermi fields, with different large masses /Xq, a = 1,... ,t, chosen so that the regularized path 
integral converges for hxed fXa- Then one takes the limit /i^ —)■ oo, adding local counterterms 
W{fia, A, g) to the action so that the limit of exp(—lE(/ia, A, gf)) exists. The limit is 

the renormalized fermion path integral. We do not need to follow this procedure in detail. 


because we are only interested in the phase of Z^, and eqn. (2.14) is good enough to moti¬ 
vate the correct formula for this phase. (The counterterms that are needed in 3 spacetime 
dimensions are all real and do not affect the discussion of the phase.) 


Going back to eqn. (2.14), we see that for large /x > 0, each eigenvalue Xk contributes a 
phase i“^ or i to depending on the sign of Xk- So formally 


Thus 


Zi, = |Z<,|exp (-y y^sign(At)j 


Zp ^ |Zp| exp (- 1 x 11 / 2 ), 


( 2 . 15 ) 


( 2 . 16 ) 


where r| (the Atiyah-Patodi-Singer or APS rj-invariant) is a regularized version of the differ¬ 
ence between the number of positive and negative eigenvalue^ of V. 


As usual, the precise regularization does not matter. The original APS definition wai 


p = lim Vsign(Afc)|Afc| 

s-j>0 ^^ 


( 2 . 17 ) 


An equivalent definition would be 


h = 


lim .E sign(Ai,)exp(-pA( 


( 2 . 18 ) 


® In the present derivation, the Xk are the eigenvalues of the Dirac operator D acting on the positively 
charged Dirac fermion 'ip, without including charge conjugate eigenmodes of T> acting on the negatively 
charged field ip. We can also define a similar invariant rj in which one sums over modes of both kind. By 
charge conjugation symmetry, the relation between the two is just r] = 2r\. Later on, when we consider 
Majorana fermions (with no U(l) symmetry and so no distinction between modes of positive or negative 
charge), we will want to express all formulas in terms of 77. 

^*^Some analytic continuation is required in this definition. One first defines the sum on the right hand 


side of eqn. (2.17) for large Res, where it converges. Then one analytically continues to s = 0. Note that 


the alternative definition in eq. (2.18) does not require such analytic continuation. 
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For our present application, we do not need to know what is meant by sign(A) if A = 0, 
because if one of the A^ is 0, then \Z^\ =0 and it does not matter what value we assign to 
p. However, the formulas of index theory work smoothly if in the definition of p, we set 


sign(A) 


1 if A > 0 

-1 if A < 0. ■ 


(2.19) 


It would work just as well to take sign(A) = —1 for A = 0; the important thing is to treat 
all zero-modes in the same way. 


The formula 

= |Z^| exp(-i7rp/2), (2.20) 

together with any standard procedure to define |Z^|, gives a satisfactory definition of Z^ 
for all Y and all A, g, with all desireable properties except T and R symmetry. T and R 
symmetry do not hold, since they would require Z^ to be real. T and R symmetry have been 
violated by the choice of sign of the regulator mass. An equally good regularization with 
the opposite sign would have given the opposite phase to Z^, so we really have two equally 
good definitions with 

Z^ = exp(=Fi7rp/2). (2.21) 

Either of these formulas gives the partition function, in a background held {A, g), of a gapless 
free fermion QFT that is perfectly unitary and Poincare invariant - and even conformally 
invariant - and otherwise physically sensible, but is not T- or R-invariant. 


To conclude this section, we will explain some aspects of the statement that the formula 


(2.21) for the path integral is physically sensible. The fermion path integral Z^ is supposed 
to change sign when a fermion eigenvalue passes through 0. The formula (2.20) does have 
this property. While the hrst factor \Z^\ of course does not change in sign, the second factor 
exp(=Fi7rp/2) does change sign, because p jumps by ±2 when an eigenvalue passes through 

0 . 


We may also want to verify that our dehnition of the partition function is consistent with 
unitarity. In Euclidean signature, unitarity corresponds to reflection positivity. Let Yi and 
>2 be two identical three-manifolds, endowed with the same gauge helds and spin structures, 
and let M be their common boundary. Build a three-manifold Y by gluing Yi and Y 2 along 
M (after reversing the orientation of Y 2 so that the orientations match). This construction 
is illustrated in fig. Z^ should be real and nonnegative in this situation for the following 
reason. The path integral on Yi constructs a state |<F) - a “ket” - in the Hilbert space of 
quantum states on M. The path integral on 1^2 constructs the corresponding “bra” (<F| in 
the same Hilbert space. The full path integral Z^ on Y is the inner product (*F|*h). In a 
unitary quantum field theory, this of course must be real and nonnegative. 

To show that Z^ > 0, we need to show that exp(=Fi7rp/2) is equal to 1 in this situation. 
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Figure 2: A mirror-symmetric construction of a 3-manifold Y, by gluing together identical pieces 
Yi and Y 2 along their common boundary M, with reversed orientation for Y 2 . 

as long as there are no zero-modes (that is, as long as \Z^\ ^ 0). This is true because the 
reflection that exchanges Yf and I 2 , and reverses the orientation of Y, anticommutes with 
the Dirac operator V = \Ip = i example, ii Y = with flat metric, a 

reflection 

Rr/^(xi, X2, xs) = 7V(-a;i, X 2 , X 3 ) (2.22) 

clearly anticommutes with ij). This is actually a universal result for any orientation-reversing 
symmetry on a manifold of odd dimension. So reflection symmetry in fig. implies that the 
eigenvalues of the Dirac operator are invariant under A -H- —A, and this in turn implies (in 
the absence of zero-modes) that r] = 0 and exp(=Fi7rri/2) = 1. 

The fact that a symmetry reversing the orientation of spacetime anticommutes with the 
Dirac operator is the reason that a mass term added to the Dirac equation violates such 
symmetries. Obviously, if R commuted with ilj), then a massive Dirac equation, which in 
Euclidean signature would be {ilj) + im) -0 = 0, would be R-invariant. 


2.1.4 Canceling The Anomaly Prom The Bnlk 


The anomaly in T-invariance that we have just discussed for the boundary fermions of a 


3d topological insulator is related to the fact 15 that in bulk, such a material has an 
electromagnetic 0-angle of tt. 


The instanton number of a U(l) gauge field in four spacetime dimensions is defined as 


P = 


327r2 


' X 




(2.23) 
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where is the electromagnetic field strength. If X is a compact manifold 

with boundary, then P is always an integer. A typical example with P 7 ^ 0 is the case that 
X = S‘^ X with one unit of flux (that is, P = 27r/e) on each factor. This example has 
P = 1. 


The electromagnetic 0-angle is defined by saying that the P-dependent part of the effec¬ 
tive action is 

le = eP. (2.24) 

If P can be assumed to be integer-valued, then physics will be invariant under 6^6 + 2tt, 
since in quantum mechanics, we only care about the value of the action mod 27rZ. 


P is odd under reflection or time-reversal, so 9 is likewise odd. In a T- or R-invariant 
theory, 9 must equal 0 or tt (T and R map 0 = vr to 0 = —tt, which is equivalent to 0 = vr mod 
27r). It is shown in 15 that, assuming that 0 = 0 in vacuum, 0 = vr inside a 3d topological 
insulator. 


However, a real topological insulator has a boundary and its worldvolume X does not fill 
all of spacetime. In this case, P (defined as an integral over X and not over all of spacetime) 
is generically not an integer. So it is not T-invariant to merely include in the path integral a 
factor exp(±i 7 rP). On an orientable spacetime, T invariance requires that the argument of 
the path integral should be real, and exp(±i 7 rP) certainly does not have this property when 
P is not Z-valued. Acting with T reverses the sign in the exponent exp(±i 7 rP). 

More concretely, if we simply include in the functional integral in the presence of a 
topological insulator a factor exp(±i 7 rP), then by a well-known argument, this produces on 
the surface of the topological insulator a Hall conductivity with v = ±1/2 (as usual, v is the 
Hall conductivity in units of e^/27rh). This is certainly not T-conserving. 

In the context of a topological insulator, the assertion that 0 = vr is T-conserving really 
means that it is T-conserving in bulk, and that we may be able to maintain T invariance 
along the boundary if we find the right boundary state. A trivial gapped boundary state is 
not suitable. 


However, the standard boundary state with massless Dirac fermions does combine with 
the bulk system of 0 = tt to maintain T symmetry. We recall that the partition function of 
the boundary fermions is 

= |Z^| exp(=Fi 7 rri/ 2 ), (2.25) 

where the sign depends on the choice of regulator. It turns out that if one subtracts from 
P a gravitational correction that for the moment we will just denot^^ as A(P), then the 
bulk contribution to the path integral with 0 = vr combines with the partition function of 

write A{R) as an abbreviation for the more usual A{R). 
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Figure 3: A topological insulator supported on the right half of M x (solid color). 


the boundary fermions to give a T-conserving result. In fact, according to Atiyah, Patodi, 
and Singer (APS) 


exp(^i7rri/2) exp (±i7r(P - A(R))) = (-1)^ 


(2.26) 


where 3 is an integer. As we explain in section 2.1.8, 3 is the index of the Dirac operator 
computed with APS boundary conditions. Hence the complete path integral measure after 
integrating out the boundary fermions is 


Z^\ exp(=Fi7rri/2) exp ( ±i7r(P - A{R ))) = \Z^\{-iy. 


(2.27) 


(This formula was essentially found in 35 , section 5.3, in a related context involving D- 
branes in string theory.) This is real and so T-conserving. 


In the rest of this section, we discuss the physical interpretation of the formula (2.27), 
and then review the APS formula (2.26). 


2.1.5 Physical Meaning of 6* = tt 


To have 0 = tt in a topological insulator should mean, in some sense, that the path integral 
measure changes sign when a U(l) instanton moves from outside to inside a topological 
insulator. To make this concrete, we should set up a thought experiment that makes some 
sense in condensed matter physics in which it is possible to move an instanton in this way. 

We take space to be not but M x with two dimensions compactihed to a two- 
sphere S'^. (We could just as well replace with T^, a two-torus corresponding to periodic 
boundary conditions in two spatial directions.) We consider a topological insulator supported 
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on M+ X 5^ C M X (fig. where M+ C M is a half-line l/>0. Including the time direction, 
which we parametrize by M' (another copy of M), the full spacetime is X = M' x M x and 
the worldvolume of the topological insulator is X = M' x IR+ x 8“^. 


We consider a gauge held that has one unit of magnetic hux on 8“^, and also one unit of 
electric hux on M' x M: 

r 27r 

/ dfdxFoi = —. (2.28) 

Jr'xR ^ 

Such a gauge held has the value 1 of 


P = 


327r2 


’X 




(2.29) 


Note that this is an integral over the whole spacetime X = M' x M x 5^. By contrast, we 
dehne P (eqn. (2.23)) as a similar integral over only the worldvolume M' x M+ x 8“^ of the 
topologi cal in sulator. So P is a topological invariant but P is not. If the unit of electric hux 
in eqn. (2.28) is localized far to the left in hg. then P = 1 but P = 0. If it is localized far 


to the right, then P = P = 1. 


To consider in this context the formula 

(2.30) 

for the path integral measure, we should compactify the time direction and go to Euclidean 
signature, since the formula was derived in that case. For example, to compute a thermal 
partition function Tr exp{—/3H), with H the Hamiltonian of the system, we should take the 
time direction to be a circle 8 of circumference (3. As long as the electric hux is deep inside 
or outside the topological insulator, but at any rate far from its boundary, the boundary 
fermions do not “see” this hux. Generically (for a generic value of A, to be precise) the 
boundary fermions have no zero-mode, so > 0. On the other hand, = 0 if the instanton 
is outside the topological insulator - that is if P = 0 - and = 1 if the instanton is inside 
the topological insulator - that is if P = 1. The path integral measure is always real and 
so T-conserving, but it passes smoothly from positive to negative values as the instanton is 
brought inside the topological insulator. The jump in 3 from 0 to 1 - and thus the change 
in sign of the path integral measure - occurs precisely when an eigenvalue of the boundary 
Dirac operator passes through zero, or in other words when |Z^| = 0. 

The fact that the path integral is negative when P = 1 can be described by saying that 
the path integral measure of the topological insulator contains a factor (—1)^ = exp(i7rP). 
This gives a precise meaning to the statement that 6 = 7i inside the topological insulator. 


Another and perhaps less technical way to give a precise meaning to the statement that 

Let us go back to the Lorentz 


9 = 71 has already been described in the literature 41 
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signature picture in which the full spacetime is X = M' x M x the topological insulator 
lives on X = M' X M+ x S'^, and the boundary Dirac fermion lives on dX = M' x {0} x S‘^. 
To hnd the quantum states of the boundary fermions, we have to hnd the eigenmodes of the 
2d Dirac operator on 5^, and then quantize them. In the presence of a unit magnetic flux 
on 5^, the 2d Dirac operator has a single charge —e zero-mode of one 2d chirality, and a 
single charge +e zero-mode of the opposite 2d chirality. (The existence of these zero-modes 
is guaranteed by the 2d version of the Atiyah-Singer index theorem. The two zero-modes 
are complex conjugate; complex conjugation reverses both the charge and the 2 d chirality.) 
As in 42 , quantization of these modes gives a pair of states with electric charge ±e/ 2 . The 
fact that the boundary of the topological insulator, when pierced by a unit of flux, supports 
half-integral electric charge can be understood if we imagine creating this unit of magnetic 
flux by dragging a magnetic monopole of unit charge into the topological insulator. (We 
assume that the monopole starts far to the left of the topological insulator in fig. with 
its flux in the initial state going off to the left and not entering the topological insulator.) 
When the monopole enters the material, a unit of flux appears on its surface and accordingly 
the charge on its surface jumps by a half-integral amount. But the electric charge of the 
monopole also jumps by a half-integral amount when it enters the topological insulator, 
because a magnetic monopole in a world with 6 = has half-integral electric charge 43 . It 


has indeed been shown in a lattice model of a topological insulator that when a magnetic 
monopole enters a topological insulator, half-integral charge appears on the surface of the 
topological insulator and the monopole itself acquires half-integral charge 41 . This gives a 


direct interpretation of what it means to say that the topological insulator has 9 = n. 


2.1.6 Why is The Partition Function Equal to (—1)^? 


Part of the above story is that on a compact four-manifold X without boundary, with 
a background U{1) gauge field A, the topological field theory associated to a topological 
insulator has partition function (—1)^. The reader may wonder how this is related to other 
known descriptions of a topological insulator. 

We use the following standard characterization of the phase transition between a topo¬ 
logical insulator and an ordinary one. This transition occurs when the mass parameter m of 
a D = 4 Dirac fermion -0 passes through zero and changes sign. 

First we recall the definition of the index of the Dirac operator. On an oriented 4- 
manifold, we define the chirality operator 

7 = (2.31) 

where is the Levi-Civita tensor. We write '0 = V'-i- + " 0 - where ^jJ± = ^(1 ± 7 )'^ satisfy 
^'ip± = i'i/'i; we say that ' 0 + and ' 0 _ have positive or negative chirality. 7 anticommutes with 
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the Dirac operator V, so V maps ijj+ to '0- and vice-versa. We write n+ for the dimension 
of the space of zero-modes of V acting on and n_ for the dimension of the space of 
zero-modes of V acting on 'ip_. The index of the Dirac operator is 3 = n+ — ? 7 ,_. It is a basic 
topological invariant. 


To prove topological invariance of 3, observe that 7 anticommutes with V, so that if 
V-i/) = X'ljj with A 7 ^ 0, then 'll) and must therefore be linearly independent 

if A 7 ^ 0, and hence the chiral projections 'ip± = |(1 ± are nonzero. Consider the 
“Hamitlonian” H = Zero-modes of TX are the same as zero-modes of H, and more 
generally eigenstates of H, obeying Hip = Epj, are linear combinations of solutions of Dip = 
If 7 ^ 0, a solution of TXip = ±\/Eip has nonzero chiral projections 'ip± with the 
same E. Hence nonzero energy levels of H occur in pairs with positive and negative chirality. 
When we vary the gauge held or metric on X, all that can happen to the space of zero energy 
states is that a pair of states of opposite chirality can move to or from zero energy. In the 
process, n+ and n_ change, but 3 = n+ — ri- is unchanged. 


Let us assume that X and A are such that 3^0 and for dehniteness let us take Df > 0. 
Generically, for U > 0, ip^ will have 3 zero-modes and V’- will have none. Let us assume that 
we are in this situation. What about zero-modes of the oppositely charged fermion held tp7 
Writing ip_ and '0+ for hs components of dehnite chirality, xp_ will have 3 zero-modes and 
'ip_^_ will have none. (The zero-modes of 'ip_ are complex conjugates of the zero-modes of 'ip+.) 


Because of these 23 zero-modes, the fermion path integral vanishes if m = 0. However, 
for m 7 ^ 0 , the action has a term 


/ = y d^x (• • • — mtp_ip+ ...) , 

and accordingly the integrand e~^ of the path integral has a factor 

exp I m / d'^x^p_^p^ 


(2.32) 


(2.33) 


Expanding this factor, a xp_ zero-mode and a ip+ zero-mode can be lifted at the cost of a 
factor of m. 


Accordingly, for small m, the path integral is proportional to rn?. Therefore, if the path 
integral is positive-dehnite for, say, m > 0, then its sign for m < 0 is (—1)^. (Zero-modes 
beyond the ones we assumed would contribute an even power of m and thus would not ahect 
this sign.) This sign is the universal part of the answer and is the partition function of 
the topological held theory that one extracts as the long distance limit of the topological 
insulator. 


We treat several similar problems later in this paper in a slightly more precise way 


including an explanation of the regularization. For example, see section 3.4 
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Figure 4: A topological invariant 3 defined for a manifold X is said to be a cobordism invariant 
if it vanishes whenever X is the boundary of a manifold Z of one dimension more. If X has some 
structure (such as an orientation, a spin structure, or a U(l) gauge field) that is required in defining 
3, then this structure is required to extend over Z. 

2.1.7 The Index And Cobordism Invariance 


We defined the Dirac index 3 in section |2.1.6| by using the fact that on an oriented 4- 
dimensional spin manifold X without boundary, the equation T3ip = 0 for a fermion zero¬ 
mode splits as separate equations for the chiral projections '0+ and '0_. 


The same is true in any even dimension, and the original Atiyah-Singer index theorem 
12,13 gives a cohomological formula for 3. For a U(l) gauge field in D = 4, the formula is 


3 = A-P. 


(2.34) 


Here P is the instanton number dehned in eqn. (2.23), and 


1 f ti R A R 
48 A (27r)2 


(2.35) 


with R being the Riemann tensor regarded as a matrix-valued 2-form. The formula implies 
immediate!}!^ that 21 is a cobordism invariant: it vanishes if X is the boundary of an oriented 
5-dimensional spin manifold Z over which the U(l) gauge held extends (hg. |^. For in that 
situation, A = P = 0, so 21 = 0. For example, one has 


1 f ti R A R 1 f ti R A R 
48 A 


(2.36) 


12 


Here we are reversing the original logic. In the original proof of the index theorem 12 , it was shown 


first that the index is a cobordism invariant, and this knowledge was used to deduce a formula for it. 


24 














(here one uses Stokes’s theorem to express an integral over X as an integral over Z, and then 
one uses the Bianchi identity DR = 0 to prove that dtri? A i? = 0). A similar argument 
shows that P = 0. 


Since 3 is a cobordism invariant, so is (—1)^, which we have seen to be the partition func¬ 
tion (on an orientable manifold) of the bulk sTQFT associated to a topological insulator. 
As we proceed in this paper, it will become clear that partition functions of sTQFT’s associ¬ 
ated to free fermion states of matter are always cobordism invariants. This was coniectured 
in |30l. 


In generalp^ starting with such a U(l)-valued cobordism invariant (a homomorphism from 
an appropriate cobordism group to U(l)), one can always construct an invertible topological 
held theory with the given invariant as its partition function. The rough idea behind this 
statement is that cobordism invariance implies relations among partition functions that one 
would expect on physical grounds in a topological held theory. The simplest example of such 
a statement is illustrated in hg. Another example of how cobordism invariance implies a 
physical property (unitarity) is described at the end of section 2.1.9 


It appears to be unknown whether all unitary invertible TQFT’s or sTQFT’s are associ¬ 
ated to cobordism invariants. Since this is unknown, we do not really know if the fact that 
the usual free fermion phases are associated to cobordism invariants is a consequence just of 
the fact that they are gapped and have no topological order in bulk, or is more special. At 
any rate, cobordism invariance is much stronger than topological invariance. 


2.1.8 The APS Index Theorem 


To dehne the Dirac index 3 in section [2.1.6[ we used the fact that on an oriented 4-manifold, 
the Dirac equation Dip = 0 splits as separate equations for the chiral projections "0+ and ip- 
of Ip. 


The APS index theorem 27 is a generalization of the original Atiyah-Singer index the¬ 


orem 


12,13 to a manifold X with boundary. In trying to hnd such a generalization, one 


immediately hnds that there is no convenient local boundary condition along Y = dX that 
can be used in dehning an index. The Dirac operator admits a local boundary condition 


'j ■ nip = ±"0, 


(2.37) 


where n is the unit normal to Y and 7 ■ n = This boundary condition is the most 

general one that preserves the local rotation symmetry of the boundary and it is physically 
sensible in the sense that with this boundary condition the Dirac operator is hermitian. 


^^For a brief explanation, see the discussion of eqn. (5.4) in 
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Figure 5: Here we give the simplest illustration of the statement that cobordism invariance leads 
to relations that are natural in topological field theory. The connected sum M of two D-manifolds 
Ml and M 2 is made by cutting small holes out of Mi and M 2 and gluing them together along their 
boundaries. If the space of physical states on a sphere is 1-dimensional (as expected in a 

unitary topological field theory), one can deduce a universal relation between partition functions: 

= 9 ZM 1 ZM 2 : where <7 is a constant characteristic of the theory. Cobordism invariance implies 
such a relation with g = 1, because M is cobordant to the disjoint union of Mi and M 2 . This 
cobordism is sketched in this figure (for the case D = 1 with all manifolds being circles). Topological 
field theories derived from cobordism invariants always satisfy the condition that the space of 
physical states on any D — 1-manifold has dimension 1, which is why they lead to a relation of the 
given kind. 


X' 



Figure 6 : The complete but not compact manifold X' is built by gluing onto the manifold X, 
which has boundary Y, a semi-infinite tube Y x ]R_|_. 
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However, because 7 ■ n anticommutes with the chirality operator 7 , this boundary condition 
mixes the two fermion chiralities and so does not allow one to define a Dirac index. 

What can we do to dehne a Dirac index in this situation? The APS construction starts 
by replacing a manifold X that has a boundary with a manifold X' without boundary that is 
not compact but has a complete Riemannian metric. This is done by picking a Riemannian 
metric on A, and in particular on Y, and building X' by gluing to the boundary of X a 
semi-infinite tube Y x ]R_|_, where M+ is the half-line ?/ > 0 (fig. [^. The Riemannian metric 
in the tube is taken to be the obvious one + gy, where gy is the chosen metric on Y. 

Because X' has no boundary, the Dirac equation on X' does not mix positive and negative 
chirality spinors. Therefore, one can dehne spaces Hy and of square-integrahle solutions 
of the Dirac equation on X' of positive and negative chirality. Their dimensions are integers 
and n_. Assume for the moment that the metric gy of Y is sufficiently generic so that 
the Dirac operator Vy of Y has no zero-modes. Then the index 3 is dehned in the usual 
way as = n+ — n_. 


The APS index theorem gives a formula for 3: 

3 = A-P--. 

2 


(2.38) 


Here p is the p-invariant (2.17) of the Dirac operator Vy on Y. Thus —p/2 appears as a 


sort of boundary correction to the index theorem. 


On a manifold X without boundary, the index of the Dirac operator is an integer and 
moreover is a topological invariant. When X has a boundary and the index is dehned with 
APS boundary conditions, it is still an integer but it is no longer a topological invariant. 
The APS index formula makes this clear. As the metric and gauge held on X and Y are 
varied so that an eigenvalue of Vy passes through 0, p jumps by ±2, so 3 must jump by 
=F1. To understand explicitly how this happens, we look at the Dirac equation in the tube 
Y' = Y X M+. The Dirac operator Vy/ on Y' is dehned using gamma matrices jy and 7 ^, 
i = 1, 2, 3 with 


Vy/ = i 



+ 5: 



(2.39) 


where x\ i = 1,... ,3 are local coordinates on Y. So the equation Vy/'ip = 0 is 


d . ^ D 

-1 2_^ 17^7 
^=1 


'0 = 0 . 


dy ' ' Dx^ 

We want to express this in terms of the Dirac operator on Y, which would be 


(2.40) 


3 

Vy = i^7‘ 
i=l 


D 

Dx^ 


(2.41) 
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Here 7 * are purely 3-dimensional gamma matrices obeying = “^gij. In a locally 

Euclidean frame, we can take them to be 7 * = cxj (where Uj are the Pauli matrices) and so 
to obey 

7i 72% = iei23 (2.42) 

(and cyclic permutations) where eijk is the Levi-Civita tensor of Y. 


In the dehnition (2.31) of the chirality operator of X, we orient X so that eyijk = eijk- The 
matrices 7 ' = i'jy'ji appearing in eqn. (2.40) obey the same Clifford algebra { 7 ^, 7 )} = ^gij 
as the 7 j. They also satisfy in a local Eluclidean frame 7(7273 = 7 • iei 23 . From this one can 


deduce that the matrices 77 ' obey the same Clifford algebra and the same relation (2.42) as 
the purely 3d Dirac matrices 7 ,, and so we can set 77 ' = Then we can rewrite the D = A 


Dirac equation (2.40) in the form 


dy 


^fDy ) V’ = 0. 


(2.43) 


So if ipo is a spinor held on Y satisfying Vy'ipo = and moreover = nV'o; a = ±1, 
then we can solve the D = A Dirac equation with 


V’ = exp{aXy)'ipo. 


(2.44) 


To get a square-integrable solution of this equation, we need A<0ifa = lorA>0if 
a = — 1 . 


Now we can complete the construction by explaining APS boundary conditions on the 
original manifold with boundary X. Let Ti be the space of all spinor helds on Y, and 
decompose "H = Tiy © "H- where Tiy and "H. are spanned, respectively, by the eigenstates of 
Vy with A > 0 or with A < 0. Let 'ipy and "0- be as usual the positive and negative chirality 
parts of a 4d spinor ip. Then APS boundary conditions on X say that the restrictions of 'ip± 
to D = dX obey 

^jJ+\yE'H-, '0_|yG'H+. (2.45) 

The point is that solutions to the Dirac equation on X that can be extended to square- 
integrable solutions on X' are precisely those that obey this condition. So we can compute 
the index 3 either in terms of solutions of the Dirac equation on X that obey this APS 
boundary condition, or in terms of square-integrable solutions on X'. 

This should make it clear how 3 can fail to be a topological invariant. When an eigenvalue 
of Vy passes through 0, the spaces 'H± change discontinuously, the APS boundary conditions 
change discontinuously, and the index 3 also changes discontinuously. 

As long as T3y has no zero-modes, the spectrum of the Dirac operator on X with APS 
boundary conditions varies continuously with the metric and gauge helds on X (and in 
particular on Y) and 3 is constant. In the above, we dehned 3, Hy, and only in the 






generic case that Vy has no zero-modes. The dehnitions can be slightly modihed so that 


the APS index formnla (2.38) is valid in general, with r| defined nsing eqn. (2.19). 


We will make a few more remarks on the APS index theorem. First of all, in eqn. (2.38), 
we have written the APS index theorem for D = A. However, this theorem holds in any 
dimension D. In general, A — P has to be replaced by the bnlk contribntion to the index that 
is given by the original Atiyah-Singer index theorem 12 ,^ (this bnlk contribntion can be 


written in general as A{R) tr e'^, where F is the Yang-Mills field strength or cnrvatnre and 
the trace is taken in the representation that the fermions live in. The bonndary contribntion 
is always —ti/ 2. However, for odd H, the bnlk contribntion vanishes and the APS index 
theorem rednces to 

a = -5J. (2.46) 


Since 3 is always an integer, this shows that for odd D, if a P — 1-manifold V is the bonndary 
of some H-dimensional X over which the relevant structures extend (so that an APS index 
theorem on X is available), then the rj-invariant on V obeys ri/2 G Z. In later applications 
to Majorana fermions, we will want to write this formula in terms of X = 23, rj = 2r\: 

H 

2 ' 


X = — 


(2.47) 


Another important consequence of the APS index formula is a relationship between p 
and the Chern-Simons function 

^2 r 


CS(A) = — / d^xA^^AdjAk 


dvr 


(2.48) 


'Y 


CS(A) is only gauge-invariant mod 27rZ (which is why the coupling k in eqn. (1.1) is an 
integer in any material that can be described by an effective action for A only), but its 
variation hCS(A) in a continuous change in A is completely gauge-invariant. If the spin 
manifold V on which we are trying to define CS(A) is the boundary of some X (over which 
A and the spin structure extend), then 


CS(A) = 27rP mod 27rZ, 


(2.49) 


where P is the instanton number, integrated over X, that appears in the index formula (2.38). 


This formula depends on the choice of a 4-dimensional spin manifold X with boundary Y, 
along with an extension of A over X, but it is independent of these choices mod 27rZ. To 
prove this, suppose that X and X' are spin manifolds with the same boundary Y; let P and 
P' be the instanton numbers integrated over X and X', respectively. Then the difference 
P — P' is an integer, because it is the instanton number integrated on a closed oriented 
four-dimensional spin manifold X built by gluing X' to X with a reversal of orientation of 

A" (fig. 0. 

^'*’The reason for this is just that R and F are both two-forms, so A{R) tr is a linear combination of 
forms of even degree. If D is odd, then A{R) tr has no degree D piece that could be a bulk contribution 
in the index theorem. 
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Figure 7: By gluing together two oriented four-manifolds X and X' that have the same boundary 
Y (after reversing the orientation of X' so that the orientations are compatible), we build a closed 
oriented four-manifold X. X is a spin manifold if X and X' have spin structures that agree along 

y. 


Similarly, one can define a gravitational Chern-Simons term CSgrav, also defined mod 
27rZ, that satisfies 


CSgrav = 27r^. 


(2.50) 


(It is understood that A is integrated over X. The formula is written in terms of ^4/2 because 
A is even on a four-dimensional spin manifold without boundary. This fact will be important 
Given these dehnitions, and assuming a suitable X exists, the APS index 


in section 2.2 


theorem for X implies 


h 

2 


CS(A) 


2 


mod Z. 


(2.51) 


27r 27r 

The statement is true only mod Z because it does not take into account the 3 term in the 
index formula. (Also, CS(A)/27r is only well-dehned mod Z so the statement really only 
makes sense mod Z.) 


In deducing this relation between r] and Chern-Simons, we have assumed that the mani¬ 
fold Y on which we are studying these objects is that boundary of some X on which we can 
use the APS index theorem. This is true if y is a 3-dimensional spin manifold with a U(l) 
gauge held, but in a more general problem to which we might apply the APS index theorem, 
it will not always be true. Even then, a somewhat weaker statement is true. In general, 
the difference between ri/2 and the corresponding Chern-Simons invariant is constant (but 
is not necessarily an integer) as one varies the metric and gauge held on Y, keeping away 
from jumps in rj. To state the relation in generality, we assume that Y has dimension d, 
and we generically write CS{g,A)/27r for the Chern-Simons invariant that is related to the 
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curvature polynomial^ A tr that appears in the index theorem in D = d + 1 dimensions 
(generalizing A — P for U(l) gauge theory in 4 dimensions). Then under any continuous 
variation of the metric and gauge held {g, A) on Y, modulo even integer jumps in t], we have 


^ (2.52) 

2 27r ^ ^ 

This is proved by applying the APS index theorem to the D-manifold X = F x [0, !]> with 
one pair of helds {g, A) at one end, and a slightly different pair (^f', A') = {g + 5g, A + SA) 
at the other end. Including the jumps in r|, the statement is 

- = ^ + constant mod Z. (2.53) 

2 27r 


The constant, which is valued in M/Z, is an important topological invariant in some situ¬ 
ations. It can appear in global anomalies, because of the relation of global anomalies to r] 
(section . 


In a context in which one only cares about ri/2 mod Z, and assuming X exists (as it 
always does for U(l) gauge theory on a 3-dimensional spin manifold), eqn. (2.51) can be used 
to replace rj with the more elementary invariants CS(A) and CSgrav However, the boundary 
fermions of the 3d topological insulator have partition function = |Z. 0 | exp(—i' 7 rri/ 2 ), 
which depends on ri/2 mod 2Z, not mod Z. So the replacement (2.51) is not adequate for 
describing those boundary fermions. If we try to make that replacement, we will lose control 
of the overall sign of Z^, which as we have seen is very important in describing the topological 
insulator. 


2.1.9 Reflection Positivity 


Another question is why the formula |Z^|(—1)^ for the partition function is consistent with 
unitarity, that is with reflection positivity. 

Actually, in the specific case at hand, we can give a trivial answer to this question. We 
have built |Z^|(—1)^ as a product of two factors \Z^\ exp(=Fi 7 rri/ 2 ) and exp(±i 7 r(P — A(R))). 
We showed the hrst factor to be reflection positive in the discussion of fig. and the second 
factor is also compatible with reflection-positivity; otherwise gauge and gravitational 6 '-angles 
would in general not be physically sensible. (Concretely, exp(±i 6 '(P — A{R))) is consistent 
with reflection positivity for any real 6 because P and A{R) are odd under reflection and 
vanish for any reflection-symmetric gauge field and metric.) 

curvature polynomial is just a polynomial in the Riemann curvature R and the gauge theory field 
strength or curvature F. 
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Figure 8: A spacetime X with boundary Y that is built by gluing together mirror image copies 
of some manifold Xq, The copies are denoted Xq and Xq in the figure. Y is likewise the union of 
mirror image pieces. Xq has two types of boundaries: M, along which it is glued to Xq, and also 
its intersection with Y = dX. Xq has corners along M CiY. 


However, with a view to other cases, we will establish directly the reflection-positivity of 
\Z^\{—iy. We want to show that |Z^|(—1)^ is real and nonnegative whenever a spacetime 
X, with boundary Y, is built by gluing together, along their common boundary M, two 
mirror image copies of some manifold Xq, as in £g. If X has boundary Y, they this 
boundary is likewise built by gluing together mirror image pieces. In that case, Xq is really 
a manifold with corners, as in the figure. We assume that the gauge held, metric, and spin 
structure on X are invariant under the reflection that exchanges the two copies of Xq. 

Since \Z.^\ is trivially real and nonnegative, to show reflection positivity of |Z^|(—1)^ it 
suffices to show that = 0 in a reflection-symmetric situation. A reflection reverses the 
chirality of a D = 4 fermion, so in any reflection-symmetric situation, the index 3 computed 
with APS boundary conditions vanishes. This completes the proof. 

Alternatively, we could prove the vanishing of (—1)^ in the situation of hg. |^by using 
cobordism invariance. This explanation has the advantage that it applies almost directljj^ 
to the other examples that we will study in the rest of this paper, since they all involve 
cobordism-invariant sTQFT’s. If X is constructed as in hg. |^by “doubling” some manifold 
Xq, then X is always the boundary of a manifold Z that can be constructed as follows. Let 
M be the boundary of Xq along which the gluing occurs, as in the figure. Let Zq = Xq x I, 
where I is the unit interval [0,1], and in Xq, collapse M x I to M. This gives a manifold Z 
with boundary X. The local picture, near M, is that Y looks like M x ]R_|_ and Z looks like 
M X where M+ and are halfspaces in M or The existence of Z ensures vanishing 
of a cobordism invariant of X such as (—1)^. 

^®To do this properly requires some important details about the gluing of the spin or pin structures of Xq 
and Xq that have been described to me by D. Freed. These details have to be used in establishing that the 
spin or pin structure of X extends over the manifold Z constructed below. 
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2.1.10 Running The Story In Reverse 


Finally, it may be illuminating to briefly run the above story in reverse. We do this by first 
postulating in bulk a spin topological quantum held theory or sTQFT, and then determining 
what sort of symmetry-preserving boundary state it can have. 

We consider a D = A sTQFT, with U(l) symmetry, that is characterized by saying that 
its partition function on a compact D = A spin manifold X, in the presence of a background 
U(l) gauge held A, is (—1)^, 3 being the index of the Dirac operator. This is the partition 
function of an sTQFT because the Atiyah-Singer index theorem shows that 3 is a cobordism 
invariant and in general such a U(l)-valued cobordism invariant is the partition function of 
a topological held theory. 

A topological insulator can have a spatial boundary, and in fact in the real world - 
as opposed to thought experiments - spatial boundaries are unavoidable. So we would 
like to extend our sTQFT to make sense on a manifold X with boundary. This is not 
straightforward. The index 3 of the Dirac operator cannot be defined with local boundary 
conditions on dX, but it can be defined with global APS boundary conditions. But 3 defined 
this way is not a topological invariant, and moreover as the background data (the metric 
and gauge held on X) are varied, 3 jumps in an unphysical way. 

The standard boundary state of the topological insulator has massless Dirac fermions 
living on dX. In the presence of these modes, the jumps in 3 make sense physically. The 
formula \Z^\{—iy that we have described is a physically sensible formula for the partition 
function of a combined system consisting of an sTQFT in bulk coupled to Dirac fermions 
on the boundary. The jumps in 3 compensate for the problem in defining the sign of the 
fermion partition function. 


2.2 Topological Superconductor In d = 3 

We now turn to the topological superconductor in 3 -|- 1 dimensions, formulated for now on 
an orientable manifold only. 


2.2.1 Fermions And PfafRans 


The topological superconductor is gapped in bulk (at least for fermionic excitations), but 
on the boundary it supports a two-component Majorana fermion The main difference 
from the analysis of the topological insulator is that ip does not carry any conserved charge 
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(except (—1)^, the operator that counts fermions mod 2). In particular, and in contrast 
to the topological insulator, there is no distinction between fermion modes of positive and 
negative charge. This necessitates a few changes in the details of our explanations, although 
the main ideas are the same. In the absence of a conserved additive charge carried by the 
fermions, we have to use fermion Pfaffians rather than determinants. Moreover, we will need 
a more careful argument to explain a doubling of the spectrum that is rather trivial in the 
U(l)-invariant case. 

A 3d Majorana fermion 'ip in Lorentz signature has 2 real components - they transform in 
the real 2-dimensional representation of Spin(l, 2) = SL(2, M). After continuing to Euclidean 
signature, ip still has 2 independent components, although they are no longer real helds; they 
transform in the 2-dimensional pseudoreal representation of Spin(3) = SU(2). (This is simply 
the spin 1/2 representation of SU(2).) We cannot claim that pj is real, because this would 
not be compatible with SU(2) symmetry, but nonetheless the complex conjugate of ip does 
not appear in the formalismp^ So when we write the Euclidean version of the action for ip 

= J d^xipDip, (2.54) 

despite appearances, there is actually no complex conjugation involved in the dehnition 
of Ip. Indeed, for a Majorana fermion continued to Euclidean space, the definition is just 
P’a = £ai 3 p’^, where eai 3 is the Spin(3) = SU(2)-invariant antisymmetric tensor. Thus 
is simply an antisymmetric bilinear expression in the fermion field ip. It is antisymmetric 
because of fermi statistics. 


It is useful to distinguish carefully between operators and bilinear forms. The usual 
hermitian Dirac operator V = \lp = \ is an “operator,” schematically ip°' —)■ 

A spinor index of "0" can be raised or lowered using the antisymmetric tensor 
and if we do this we get the antisymmetric bilinear form = e.ycplp^. 

The path integral of the ip field is, formally, the Pfaffian of this antisymmetric form: 

= Pf(D). (2.55) 

Whenever one has a theory of fermions, the quadratic part of the fermion action is always 
antisymmetric by virtue of fermi statistics and the corresponding fermion path integral is 
the Pfaffian of the antisymmetric bilinear form that appears in the action. 


When can one speak of a fermion “determinant” rather than a Pfaffian? This is possible 
if there is a conserved U(l) charg^^ and a splitting of ip into fields ip+ and ip- of positive 

^^This leads to no contradiction because fermion integration is really an algebraic procedure. We define 
it for an odd variable ip by saying f dip -1 = 0,/ dip ■ ip = 1, without ever having to claim that ip is real or 
to mention its complex conjugate. 

^®U(1) can be replaced by some other group as long as there is a splitting of ip that leads to a structure 


like that of eqn. (2.56). 
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and negative charge, respectively. U(l) symmetry then ensnres that in a basis 
form D will be block off-diagonal 



the 


D = 




(2.56) 


Here V is not snbject to any condition of symmetry or antisymmetry, and is its transpose. 
In snch a sitnation, one has 

Pf(D) = det(P>), (2.57) 

and so the fermion path integral can be written as a determinant. 


Going back to the hermitian Dirac operator V for the Majorana fermion, its eigenvalnes 
have even mnltiplicity becanse of a Enclidean analog of Kramers donblingj^ If a c-nnmber 
spinor y is an eigenvector of the Dirac operator, 

Vx = Ax, A e M, (2.58) 

then X dehned by x" = £“^x^ is an eigenvector with the same eigenvalne 

Vx = Ax- (2.59) 

Here we write x^ for fhe complex conjngate of x^- Althongh there is no held in the Enclidean 
held theory that corresponds to the complex conjngate of "0, when we expand '0 in eigenmodes 
of D as a step toward performing a fnnctional integral, it makes sense to consider the behavior 
of these eigenmodes nnder complex conjngation. If we dehne an antilinear operation T on 
spinors by 

(Txr = (2.60) 

then [T, D] = 0 and = —1. Jnst as in the stndy of Kramers donbling in 3 -|-1 dimensions, 
this implies that the eigenvalnes of V have even mnltiplicity. The donbling of the spectrnm 
always occnrs, for the same reason, for psendoreal fermions. One simply has to replace 
by the invariant antisymmetric bilinear form relevant to a given case. 


Let X and Tx be a pair of eigenmodes of V with the same eigenvalne A. Becanse of the 


dehnition = e.yaV'^, in a 2 x 2 block with basis 


X 

Tx 


, D takes the form 


D = 


0 -A 
A 0 


(2.61) 


^®The mathematical facts that lead to this Euclidean analog of Kramers doubling for c-number modes in 
3 spacetime dimensions are the same ones that lead to conventional Kramers doubling for quantum states 
in 3 + 1 dimensions. A definition of T that is less intrinsic but may look more familiar is given in Appendix 


B.2 see eqn. (B.13). 
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More generally,, consider a basis of eigenmodes of V of the form Xj,Txi (where Xi, TXi are 
orthogonal to Xji 'TXj for i ^ j). In such a basis, D is block-diagonal with 2x2 blocks of 
the form (2.61). Accordingly, the Pfaffian of D is formally 


pf(D)=n'A,. 


(2.62) 


where the product is over eigenvalues of V and the symbol ](([' means that in the product, 
we take only one eigenvalue from each pair. 


Let us compare this to the corresponding formula (2.7) for a Dirac fermion. On the left 


hand side of (2.7), we wrote det V instead of Pf(D), reflecting the fact that Pf(D) can be 


written as det V in the U(l)-invariant case. On the right hand side of eqn. (2.7), the product 


over eigenvalues runs only over fermion eigenvalues of positive charge. (In that derivation, 
V was defined as the hermitian Dirac operator acting on a Dirac fermion -0, meaning a 
fermion of definite charge, which we may as well consider to be positive charge.) By charge 
conjugation symmetry of the Dirac equation, the corresponding negatively charged fermion 


has exactly the same eigenvalues, but they are not considered in eqn. (2.7). The doubling of 


Dirac eigenvalues that we got in the Majorana case from a relatively subtle argument using 
the fact that = — 1 is more trivial in the Dirac case: it just means that the eigenvalues 


are the same for fermions of positive or negative charge. A formula like (2.62) can be written 


for any system of pseudoreal fermions; it reduces to something along the lines of (2.7) when 
there is a suitable symmetry. 


2.2.2 Vanishing Of The Spectral Flow 


Now let us consider the sign of D. As in the discussion of the topological insulator, there 


is potentially a problem in defining the sign of the formal expression (2.62), since there are 


inhnitely many eigenvector pairs with A < 0. On a given 3-manifold Y, we can start with 
a particular metric Qq, define the sign of Pf(D) as we wish, and then evolve this sign as 
the metric is varied by counting how many times an eigenvalue pair flows through A = 0. 
To decide if this procedure gives an answer that is invariant under diffeomorphisms not 
connected to the identity, one follows the procedure involving the mapping torus that was 
described in section 2.1.2 We consider the same spectral flow problem as in £g. [T| and ask 


if the number A of eigenvalue pairs flowing through A = 0 is even or odd. 


It turns out that A always vanishes. The steps in proving this are as follows. First of 


all, the spectral flow arguments 27 39 40 that we mentioned in explaining eqn. (2.11) are 


also valid for Majorana fermions. The only differences are these: (1) when there is no U(l) 
symmetry, the spectral flow A should be defined as the number of eigenvalue pairs flowing 
through A = 0, rather than the number of positive charge eigenvalues flowing through A = 0; 
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(2) similarly, when there is no U(l) symmetry, we have to express A in terms of a D = 4 
Dirac index X compnted in the space of all fermion helds, not an index 3 compnted in the 
space of positively charged fermions only. The relation between the two types of index (when 
they are both dehned) is jnst 


1 = 23, (2.63) 

since charge conjngation implies that the D = A index for negatively charged fermions is the 


same as that for positively charged ones, 
withont assnming a U(l) symmetry is 


So the generalization of eqn. (2.11) that is valid 


aA. 

2 


(2.64) 


This formnla makes sense becanse in D = 4, X is always evena fact that will be important 
in what follows. Similarly the analog of (2.12) is that the transformation of the fermion path 
integral under a diffeomorphism 0 is 


Pf(D) ^ Pf(D)(-l)^/2_ 


(2.65) 


Here X is the index of the Dirac operator on the mapping torus built from 0, taking all 
fermions into account. 


This formula is not limited to the case of a single Majorana fermion coupled to gravity 
only. It applies (on an orientable 3-manifold; we postpone the unorientable case to section]^ 
to any system of 3d Majorana fermions transforming in a real representation of any compact 
gauge group. In many cases (such as the topological insulator, where eqn. (2.65) is equivalent 
to eqn. (2.12)), the formula implies an anomaly in the sign of Pf(D). However, there is no 
such anomaly for a single Majorana fermion coupled to gravity only. Even though X/2 can 
be odd in general on a compact D = A spin manifold without boundary]^ it always vanishes 
on a mapping torus, 
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This assertion is proved by an argument similar to the one we used to show the doubling of the Dirac 
spectrum for d = 3. The spinor representation of Spin(4) is pseudoreal, and therefore the eigenmodes of 
a Majorana fermion in Z? = 4 are doubled because of an antilinear symmetry (Tx)“ = X^ = “!> 

[T, V] = 0. The zero-modes of positive or negative chirality are both doubled by this argument, and therefore 
T is even. 

^^For example, 1/2 = 1 on a K3 surface. 

^^One way to prove this is to note that in four dimensions, the Dirac index for a Majorana fermion 
coupled to gravity only is related to the signature cr by I = cr/S. But for a mapping torus of any dimension, 
a relatively elementary topological argument shows that tr = 0. Let 21 —>■ be a mapping torus, of 
dimension 4n for some n, with fiber Y of dimension 4n— 1. Consider the subspace T C H 2 n{X] Z) generated 
by cycles of the form W x p, with W C V and p a point in 5”^. Modulo torsion, T is a null subspace for the 
intersection pairing on iL2n(21;Z). (For any W,W' C V, the intersection number oiW x p and W x p is 
0 because W x p is homologous to W x p', for some p' ^ p G S^, and W x p' does not intersect W x p.) 
Poincare duality can be used to show that F is middle-dimensional. The existence of a middle-dimensional 
null subspace of iL2n(21;Z) mod torsion shows that the signature of X is 0. 
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2.2.3 The Sign Of The Path Integral 


The last statement means that in the traditional sense, there is no anomaly in Pf(D) for a 3d 
Majorana fermion coupled to gravity only on an oriented 3-manifold Y: after picking its sign 
in an arbitrary fashion at some starting metric go, the sign can be defined in a consistent way 
for all metrics in a way invariant under orientation-preserving diffeomorphisms. However, it 
is not physically satisfactory to allow an arbitrary independent sign in the path integral for 
every Y. As already remarked in section 2.1.2, a satisfactory definition of the theory will 
determine the phase of the path integral for all T’s, compatibly with physical requirements 
of cutting and pasting. 


We will now explain how, even though there is no anomaly in the traditional sense, a 
physically natural procedure to define the fermion path integral of the 2 -|- 1-dimensional 
Majorana fermion in a consistent way for all T’s leads to a violation of T- and R-symmetry, 
just as happens for the topological insulator. Moreover, in the context of this procedure, 
it will be clear that, even though (—1)^/^ = 1 for mapping tori, the fact that (—1)^/^ ^ 1 
for some other (compact, closed, orientable spin) manifolds represents an obstruction to 
defining the 2 -|- 1-dimensional Majorana fermion by itself in a T-invariant way, without 
coupling to a bulk topological superconductor. With coupling to the bulk included, we will 
get a well-defined and T-invariant answer. 


Though 1 do not claim to have a formal proof, one would expect that any other procedure 
to define precisely the partition function of the 2 -|- 1-dimensional Majorana fermion for all Y 
will lead to the same conclusions. In general, one expects that two reasonable regularizations 
of the same theory differ by a local counterterm, but there is no possible local counterterm 
that would change our conclusions. 


To define the 2 -|- 1-dimensional Majorana fermion, we will use the same Pauli-Villars 


regularization that we used for the Dirac fermion. The analog for the Pfaffian of eqn. (2.14) 
for the fermion determinant is 


pf(Dw=n' 


Ai 


Afc ± i/i’ 


( 2 . 66 ) 


where we allow both signs of the regulator mass. The same steps that led to (2.21) now give 
for the Majorana fermion path integral 


exp(=Fi7rri/2), (2.67) 

where we can now define r| as a restricted sum 

r| = hm^'sign(Afc)|Afcr^ (2.68) 

k 
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in which one only includes one eigenvalue from each pair. However, it is more customary to 
dehne an //-invariant as a sum over all eigenvalues 

//= lim^sign(Afe)|Afc^^ (2.69) 

k 

so that 

ri = 2ti, (2.70) 

and then we should write the fermion path integral as 

= |Z^| exp(=Fi7rr//4). (2.71) 


This is T-violating because it is not real, but as in section |2T we can restore T invariance 
if we assume that the 3-manifold Y that supports the massless Majorana fermion is actually 
the boundary of the worldvolume X of a topological superconductor. The salient property 
of the topological superconductor is that in the large volume limit, its partition function on 
a closed (orientable) four-manifold without boundary is (—1)^^^. (This is always ±1, since 
X is even.) This claim about the partition function of a topological superconductor can 
be justihed by precisely the same reasoning that we gave in section [2.1.6 for the topological 
insulator, starting with the fact that the phase transition between an ordinary and topological 
D = A superconductor occurs when the mass m of a H = 4 Majorana fermion passes through 
0. What happens to the sign of the path integral when this mass changes sign? To absorb 
X fermion zero modes requires X/2 mass insertions, so the partition function is proportional 
for small m to So if it is positive for one sign of m, then for the opposite sign of m it 

is proportional to (—1)^/^. 


The partition function (—1)^/^ can be interpreted in terms of a gravitational 6'-angle. 
In general, such an angle would give a factor exp(/6'X/2) in the path integral measure, so 
the fact that the topological superconductor partition function is (—1)^^^ means that its 
gravitational 6'-angle is tt. (See for a previous explanation of this fact.) On a manifold 
without boundary, the Atiyah-Singer index theorem gives (—1)^^^ = exp(±iA(i?)/2), but on 
a manifold with boundary, with X defined using APS boundary conditions, the APS index 
theorem gives a boundary correction in this statement: 


exp(=Fi7r///4) exp ^±i7rA(i?)/2j = (-1)^/^. 


This formula is the analog of eqn. (2.26). 


(2.72) 


The combined path integral of the Majorana fermion on H = dX and the topological 
superconductor in bulk is then 

|X^| exp(=Fi7rr//4) exp ^±i7rA(i?)/2j = |X^|(—1)^^^. (2.73) 
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This is quite analogous to the topological insulator, with the sole difference 3 —)■ X/2. Since 
is real, T invariance has been recovered. 


Now let us re-examine the partition function of the boundary Majorana fermions on V. 
The combined path integral that describes these fermions and the bulk sTQFT on X is 
supposed to give |Z^|(—1)^-^/^, where we write Ix (and not just X) to emphasize the role 
of X. But does this formula depend on X? To decide this question, suppose that X and 
X' are orientable spin manifolds with the same boundary V. By gluing them together with 
a reversal of orientation on one of them, we build an orientable spin manifold X without 
boundary (see £g. [^of section 2.1.8). The gluing formula for the index with APS boundary 
conditions give^ 

(_l)^x/2(_i)X^//2 ^ (2.74) 


Thus in general (-1)^-^/^ and (—l)^x '/2 different precisely because can be 

nontrivial for a suitable X without boundary. Because and (—l)^x'/2 different 

in general, |Z^| (—does depend on X. This X-dependence is the obstruction to defining 
the 2 -|- 1-dimensional Majorana fermion by itself in a T-invariant way. 


That is the basis for saying that the nontriviality of (-1)^-^/^ for some X, even though 
it is trivial for mapping tori, represents an anomaly for the 2 -|- 1-dimensional Majorana 
fermion. 


Viewed from the bulk point of view, the significance of the fact that (—1)^-^/^ can be 
nontrivial may seem more obvious. If (—1)^^/^ were equal to 1 for all X without boundary, 
then the corresponding sTQFT would be completely trivial, and we could dehne it to be still 
trivial if X has a boundary. Boundary fermions would play no essential role. 


In section]^ we will reconsider the 3d topological insulator and superconductor on unori- 
entable manifolds. We will see that this does not change much for the topological insulator, 
but for the topological superconductor it does. What we have said here about the topological 
superconductor is only a small part of the full story, but treating this part by itself gave us 
the chance to explain some important points in a simple context. 


23n 


^The theorem says that = Xx +Xx', which clearly implies eqn. (2.74). It follows from the Atiyah- 
Singer index formula ly = fj^A(Il)tre^, together with the APS index theorem, which says that Xx = 
A{R) tre^ — r](2^ with a similar formula for Xx' ■ When we take the sum Xx -t-Xjc', the integrals over X 
and X' add up to the integral over X that gives X(X), and the boundary terms —r]/2 cancel because ry is 
odd under reversal of orientation. 
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2.3 Overview Of The Remaining Cases 


Before getting into any details, here we will give an overview of the rest of this paper. We 
will discuss the remaining cases of real and complex fermions in a way very similar to the 
way that we have analyzed pseudoreal fermions. 


In each case, there will be a “bulk” invariant that will play the role of the Dirac index 3 
or X in the cases analyzed in section]^ For real fermions, this invariant will be (—1)^, where 
C is the mod 2 index of a Dirac operator in dimension D. (This concept will be explained 
in section 3.2 ) For complex fermions, the analog will be exp(—i7r?7/2), where rj is the APS 
//-invariantof a Dirac operator in dimension D. In each case, (—1)^ or exp(—i7r?7/2) will 
be the partition function of a suitable sTQFT in D dimensions. 


However, just like (—1)^/^ (or its special case (—1)^), the invariants (—1)^ and exp(—i7rr//2) 
are not straightforwardly dehned on a manifold X with a spatial boundary. When X has 
a spatial boundary, something has to happen on Y = dX. Though there are other pos¬ 
sibilities, the standard boundary states of topological insulators and superconductors have 
gapless fermions supported on the boundary. In each case, the fermion partition function 
is not well-dehned by itself. But the product |X^|(—1)^ or |Z^| exp(—i7r?7/2) is well-dehned 
and compatible with all physical principles. 


Here |X^|(—1)“’ or exp(—i7r///2) is the partition function of the combined system 
consisting of gapless fermions on dX and an sTQFT in bulk. These combined partition 
functions cannot be usefully factored as the product of a partition function for the boundary 
fermions and one for the bulk sTQFT. In each case, the boundary fermions have an anomaly 
that compensates for the difficulty in dehning the bulk sTQFT on a manifold with boundary. 


In a certain sense, the invariant exp(— i7rr//2) is universal and the more elementary invari¬ 
ants (—1)^/^ and (—1)^ can be viewed as special cases to which exp(— i7r///2) reduces under 
favorable circumstances. It logically would have been possible to begin this paper with a 
general analysis leading to exp(— i7r///2) and then to deduce as corollaries the more easily 
understood formulas involving (—1)^/^ or (—1)^, but this might have made the presentation 
rather opaque. 

^^Typically exp(—i 7 rry/ 2 ) is not a topological invariant, but if the original complex fermions have no 
perturbative anomaly, then the particular invariant exp(—i 7 r 77 / 2 ) that controls their global anomaly is a 
topological invariant and in fact a cobordism invariant. 
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3 Real Fermions 


In this section, we consider topological states of matter in which the boundary modes, in 
Euclidean signature, are real fermions. Our basic example will be the 2 + 1-dimensional T- 
invariant topological superconductor. However, we will also consider the 2 -|- 1-dimensional 
topological insulator. 


3.1 Symmetry Of The Spectrum 

In two spacetime dimensions, we need only two gamma matrices. In Euclidean signature, 
they should obey {'ja,1b} = ‘2Sab, and they can be 2 x 2 real matrices, for example 71 = ai, 
72 = <73- 


The operator ]p = ^21=1 is therefore a real antisymmetric operator. The correspond¬ 
ing hermitian Dirac operator V = ilp is imaginary and antisymmetric. This is true even on 
on unorientable 2 -manifold. 


Consider the eigenvalue problem Vx = Ax in this situation. The spectrum is invariant 
under A —>■ —A, because if Vx = Ay, then Vx* = —Ay*. Note that we have made use 
of an antilinear operation T : y —t y* that obeys = 1. By contrast, for pseudoreal 
fermions, to prove that the spectrum is doubled for each value of A, we used in section 2.2 an 
antilinear symmetry with = — 1. In the real case, the symmetry A —>■ —A gives a pairing 
of eigenvalues with A 7 ^ 0, but there may be unpaired zero-modes. (Indeed, these would 


represent a mod 2 index, which we come to in section 3.2 ) For the moment we assume that 
generically there are no zero-modes. 


The edge modes of a 2 -|- 1-dimensional T-invariant topological superconductor are a 
1 -|- 1-dimensional Majorana fermion (coupled to gravity only). There is no U(l) symmetry 
and the fermion path integral is best understood as the Pfaffian of an antisymmetric bilinear 
form D. The definition of D in terms of the hermitian Dirac operator V is slightly different 
from what it is for pseudoreal fermions, which were discussed in section 2.2 Instead of 


as in that case, with Sap an invariant antisymmetric tensor in the space of 
fermion helds, we now have D.y^ = S-yaVp, with 6.ya an invariant symmetric tensor. 

The result of this is that D is the direct sum of 2 x 2 blocks, with one such block for each 
eigenvalue pair Aj, — Aj of D: 

D = ©(_'(. o')' (3'1) 

This contrasts with the pseudoreal case, in which D has a 2 x 2 block for each pair of states 
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Figure 9: Spectral flow for real fermions. The spectrum is symmetric under A o — A. The fermion 
path integral changes sign whenever an eigenvalue pair flows through 0, so we count mod 2 how 
many times this happens in interpolating from an initial metric to its transform under some 
diffeomorphism cj). In the example shown, this occurs once, so Pf(D) is odd under (j). 


with the same eigenvalue A. 


An important detail is that if we are given an antisymmetric bilinear form D, then its 
“skew eigenvalues” A* are uniquely determined only up to sign. An orthogonal transformation 
by the 2x2 matrix diag(l, —1) acting in the block would reverse the sign of Aj in eqn. 
(3.1). So up to sign (and modulo the need for regularization), the fermion path integral is 


pf(D)=nA, 


(3.2) 


Broadly speaking, we are in a familiar situation. To decide on the sign of Pf(D), we 
need to know, mod 2, how many of the A* should be considered negative. In general, such 
a question does not have a natural answer. However, we observe that as a function of the 
metric tensor g of & 2-manifold Y, Pf(D) should change sign whenever a pair of eigenvalues 
Aj, —Aj passes through 0. So to get a partial answer, we can pick the sign of Pf(D) for 
some chosen metric go on a 2-manifold Y, and then determine the sign as a function of g by 
counting how many times an eigenvalue pair passes through 0 in interpolating from go to g. 

To understand the behavior of Pf(D) under a diffeomorphism 0, we have to count mod 
2 how many times the sign of Pf(D) changes when we interpolate, via a family of metrics 
gs parametrized by s G [0,1], from a starting metric go to its conjugate gQ under cj) (hg. [^. 
The difference from the pseudoreal case of hg. is that instead of counting the net flow of 
eigenvalues (or eigenvalue pairs) from A<0toA>0ass increases from 0 to 1, which is an 
integer-valued invariant, now we are interested in counting mod 2 how many times a pair 
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of eigenvalues ±A passes through 0. It is easily seen that this is only a mod 2 topological 
invariant. 


In section we exploited the fact that the integer-valued spectral flow invariant that 
arises for pseudoreal fermions in d spacetime dimensions can be expressed in terms of the 
index of the Dirac operator in D = d + 1 dimensions. The general version of this formula 


without assuming a U(l) symmetry is in eqn. (2.64). The Z 2 -valued spectral flow invariant 
for real fermions is likewise a Dirac index of a sort, but a less familiar sort. It is equal to 
the mod 2 index of the Dirac operator in D dimensions, which we will denote as C- 
This is a rather subtle invariant. In the original papers on global anomalies in fermion path 
integrals 21,22 , it was shown that the mod 2 spectral flow invariant for real fermions in d 


spacetime dimensions equals the corresponding mod 2 Dirac index ( in D = d+1 dimensions. 
Thus the transformation law of the fermion path integral is 


Pf(D) ^ Pf(D)(-l)'’‘, 


(3.3) 


where ( is the mod 2 index of the Dirac operator on the mapping torus. The proof is 
similar to the proof of eqns. ( |2.11[ ) and (2.64), which we recall reflect a relationship between 
spectral flow for pseudoreal fermions in d spacetime dimensions and an ordinary Dirac index 
in D = d + 1 dimensions 


3.2 An Interlude On The Mod 2 Index 


The most straightforward way to dehne the mod 2 index physically is just to observe the 
following. Suppose in general that in D spacetime dimensions, we can write an action for 
some system of fermions: 

/ = y d^x-^D-^. (3.4) 

The only universal property of D is that it can be viewed as an antisymmetric bilinear form 
- antisymmetric because of fermi statistics. The canonical form of an antisymmetric bilinear 
form D is a direct sum of 2 x 2 blocks with some zero eigenvalues: 


^ 0 oi ^ 

—Oi 0 

0 02 
— 02 0 


(3.5) 


0 

V 0/ 


The number of zero-modes of D is a topological invariant mod 2, since as one varies the 
parameters 0 i, 02 ,... that appear in the nonzero blocks, zero-modes can only appear or 
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disappear in pairs. The number of zero-modes mod 2 is called the mod 2 index. (As an 
example of this dehnition, the reader can see that if 12 is an antisymmetric bilinear form on 
a hnite-dimensional vector space V, then its mod 2 index is simply the dimension of V mod 
2 .) 


Here are the simplest examples of the mod 2 index in low dimension. (In all these exam¬ 
ples, we consider fermions coupled to gravity only.) In 1 dimension, there is only 1 gamma 
matrix 71 obeying 7 ^ = 1 , so we represent it as 71 = 1 and consider a 1 -component fermion 
held 'ip. A compact 1-manifold without boundary is a circle S^. There are two possible spin 
structures, depending whether ip obeys periodic or antiperiodic boundary conditions. The 
Dirac equation is (ipj/dt = 0, and there is 1 zero-mode in the periodic case and none in the 
antiperiodic case. So the mod 2 index is 1 or 0 for periodic or antiperiodic fermions. 

In 2 dimensions, we can consider a 1-component chiral fermion ip coupled to gravity only 
(the edge mode of a chiral superconductor in 2 - 1-1 dimensions), which can only be formulated 
on an orientable 2-manifold. An example of a compact orientable 2-manifold is a torus T^, 
for example the quotient of the complex z-plane by 

z^z + l^^ + i. (3.6) 

The Dirac equation for a chiral fermion is dip/d'z = 0. There are 4 spin structures depending 
on whether ip is periodic or antiperiodic under z z -h 1 and under z z + i. In the 
completely periodic case, there is 1 zero-mode and in the other cases there are none. So the 
mod 2 index is nonzero precisely in the completely periodic spin structure. 

What about a Majorana fermion ip m.2 dimensions? On an orientable 2-manifold, ip can 
be decomposed in components ip^ and ip- of positive and negative chirality, and the Dirac 
equation Ipip = 0 for a zero-mode splits as separate equations for ip^ and ip-. The complex 
conjugate of a ' 0 + zero-mode is a ip- zero-mode, so the number of zero-modes of ip is trivially 
even and the mod 2 index inevitably vanishes. 


This is not so if we formulate the Majorana fermion on an unorientable 2-manifold. For 
a concrete example, we consider the Klein bottle KB constructed as the quotient of the two- 
torus (3.6) hy z ^ z-l-1/2. Equivalently, introducing real coordinates by setting z = Xi + ix 2 , 
the relations are 


{xi,X2) = (Xi + 1, X2) = (Xi, X2 + 1) = (Xi 1/2, -X2). 

We dehne a pin"^ structur^^ on KB by requiring 

1p{xx, X2) = 1p{xi + 1, X2) = 1p{xx, X2 + l)= -1- 1/2, -X2). 


(3.7) 


(3.8) 
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This concept, which is the analog of a spin structure on an unorientable manifold, is described in 


Appendix A.2 
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One of the two zero-modes that "0 would have on is projected out when we go to KB, so 
with this pin^ structure, the mod 2 index of 0 is 1. 


For our last example, we consider a two-component Majorana fermion 0 in D = 3 
spacetime dimensions. There is a Dirac action for such a system, so it is possible to dehne a 
mod 2 index. This mod 2 index always vanishes on an orientable 3-manifold X. Indeed, on 
an orientable 3-manifold, the eigenvalues of the Dirac operator always have even multiplicity. 


as we showed earlier using the antilinear operation dehned in eqn. (2.60). However, on an 
unorientable 3-manifold, the mod 2 index can be nontrivial. A simple example is X = 
KB X S^, where KB and the spin structure on it were dehned in eqns. (3.7), (3.8), and we 


take the periodic spin structure on S^. The only zero-mode of 0 is a mode that is constant in 
the direction and whose restriction to KB is the zero-mode found in the last paragraph. 
So the mod 2 index is 1. 


We conclude this introduction to the mod 2 index by stressing that despite its name, the 
mod 2 index is not the mod 2 reduction of an ordinary index or indeed of any integer-valued 
invariant. In fact, we have given examples in 1 and 3 dimensions of a nontrivial mod 2 
index, but the ordinary index always vanishes in odd dimensions. The mod 2 version of the 
Atiyah-Singer index theorem 44 does not give a formula for the mod 2 indexj^ analogous 
to the familiar Atiyah-Singer index formula for the ordinary index. It does imply that the 
mod 2 index is a cobordism invariant, so in particular there is a 3d sTQFT (dehned on spin 
or more precisely pin’*' manifolds) with partition function (—1)^. Before discussing what 
happens when this theory is considered on a manifold with boundary, we pause for some 
simple examples of the global anomaly of a 2d Majorana fermion. 


3.3 Simple Examples Of The Global Anomaly 


We learned in section 3.2 that in D = 3, the mod 2 index of the Dirac operator is always 
zero on an orientable manifold, but that on an unorientable manifold the mod 2 index of a 
Majorana fermion coupled to gravity only can be nonzero. 


This should mean that in 2 spacetime dimensions, a Majorana fermion 0 is consistent as 
long as we formulate it only on an orientable 2-manifold and only allow orientation-preserving 
diffeomorphisms, but becomes anomalous otherwise. 


The anomaly if we formulate the Majorana fermion 0 on an unorientable 2-manifold or if 
we allow orientation-reversing symmetries can be seen by elementary examples that do not 
really require the general formalism. First let us consider the 0-held on the Klein bottle KB, 

^®To be more precise, the formula expresses the mod 2 index in terms of K-theory but does not give a 
formula in a conventional sense as an integral. 
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which we take as an example of an nnorientable 2-manifold. As we have seen above, with a 
snitable pin strnctnre on KB, the mod 2 index is nonzero. This means that generically the 
Dirac operator has a single c-nnmber zero-mode Xo- Other modes are paired in a natnral 
way nnder the symmetry A ^ —A of the spectrnm. In snch a sitnation, the measnre in 
the fermion path integral is odd nnder the symmetry (—1)^ that connts fermions mod 2. 
Concretely, the fermion partition fnnction on KB vanishes becanse of the zero-mode, bnt the 
(nnnormalized) one-point fnnction (f d^x^Xo'^} ~ with an operator insertion that removes 
the zero-mode - is nonzero. Since this correlation fnnction has an odd nnmber of fermion 
insertions, it is odd nnder (—1)'^. 

Clearly, we can nnderstand this example withont thinking abont the mapping torns, bnt 
how wonld we nnderstand it in terms of the mapping torns constrnction? Any diffeomorphism 
of a manifold V that can act on fermions at all can act in two different ways, differing by 
an overall sign. In particniar, the trivial diffeomorphism of V can be taken to act trivially 
on fermions or to act as mnltiplication by —1. If we lift the trivial diffeomorphism of V to 
act trivially on fermions, we get the trivial symmetry 1, bnt if we take it to act as —1 on 
fermions, we get the symmetry (—1)'^. So we can think of the trivial symmetry 1 or the 
nontrivial symmetry (—1)^ as special cases of a diffeomorphism, and apply the mapping 
torns constrnction. 


The mapping torns associated to the trivial diffeomorphism of KB is jnst the prodnct 
KB X S^. The two lifts of the trivial diffeomorphism to act on fermions correspond to two 
different pin"*" strnctnres in which the fermions are periodic or antiperiodic aronnd the 
direction. (The pin”^ strnctnre on KB is arbitrary and is kept hxed in this discnssion.) The 
trivial symmetry 1 and the symmetry (—1)^ correspond to the antiperiodic and periodic 
pin"*" strnctnres, respectively. This is analogons to the fact that in statistical mechanics, 
with Hamiltonian H, to compnte a trace Tre“^^ or Tr (—we do a path integral 
on a circle of circnmference (3 with fermions that are respectively antiperiodic or periodic 
aronnd the circle. Now let us compute the mod 2 index on KB x with our two pin’*' 
structures. If the fermions are antiperiodic on corresponding to the trivial symmetry 
1, then the lowest eigenvalue of the Dirac operator on KB x is ti/(3 (or larger), where 
again f3 is the circumference of the circle. There are no zero-modes, so the mod 2 index of 
the mapping cylinder vanishes, implying that the path integral measure on KB is invariant 
under the trivial symmetry. But if the fermions are periodic on S^, corresponding to the 
symmetry (—1)'^, then as we have seen in section 3.2, the mod 2 index on KB x is the 


same as it is on KB. This means that precisely when the mod 2 index on KB is nonzero, 
the path integral measure on KB is odd under (—1)^. 


In these statements, KB could be replaced with any two-manifold Y. Whenever there is 
a nontrivial mod 2 index on Y, and thus an anomaly in (—1)^, this anomaly shows up in 
the mod 2 index on the mapping torus Y x S^. 
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For another simple example, let us consider the Majorana fermion -0 on the orientable 
2-manifold T^. But now we consider a diffeomorphism (j) that acts as a reflection of one 
coordinate, reversing the orientation of T^. Taking on the spin structure that is periodic 
in both directions, ip has 2 zero-modes, say Xi X 2 - Because of these zero-modes, the 
partition function of the V'-field on vanishes, but the (unnormalized) 2 -point function 


I ■ I d^x^Xii’ 


(3.9) 


IS nonzero. 


Of the two zero-modes, one linear combination is even under 0 and one is odd. 


so the matrix element in eqn. (3.9) is odd under 0, showing that the path integral measure 
is odd under 0 . 


Let us again try to understand this global anomaly in the mapping torus construction. 
We take for the quotient of the X 2 —x^ plane by (x 2 , Xs) = {x 2 +1, X 3 ) = ( 0 : 2 , 0:3 -T1), with 
the Majorana fermion held ip assumed to be periodic in both directions. We consider 0 to 
act by (x 2 ,X 3 ) —)■ {—X 2 ,x^). To construct the mapping torus associated to 0, we introduce 
a copy of M parametrized by another variable xi and consider the quotient of M X T2 by 
{xi,X 2 ,x^) —>■ (xi -f 1/2,— 0 : 2 , 0 : 3 ). But this is just another way to construct the familiar 
3-manifold KB x S^. We must further say how we want 0 to act on fermions. We do this 
by saying that a fermion held ip on KB x is a fermion held on M x T^, periodic in the 
directions, that obeys ip{xi + 1/2, — 0 : 2 , 2 ^ 3 ) = X 2 p^{.Xi,X 2 ,x^). But this gives the pin’*' 
structure on KB x that was already considered in section 3^ As explained there, the 
mod 2 index with this pin’*' structure is nonzero, so again the mapping torus construction 
detects the global anomaly in rehection symmetry of T^. 


3.4 Bulk sTQFT Associated To the T-Invariant Topological Su¬ 
perconductor 


Now let us consider the sTQFT whose partition function on a closed 3-manifold X with a 
pin’*’ structure is (—1)^. This theory is trivial if X is orientable, but in general not otherwise. 


Our hrst task is to explain why this sTQFT is the bulk state of a T-conserving topological 
superconductor in H = 3 spacetime dimensions. The style of the argument should be familiar 
from section 12.1.61 


We start in Lorentz signature with two 3d fermions 0i, ip 2 that transform oppositelj]^ 


eqn. (2.4), we wrote a massive Dirac equation for a pair of 3d fermions 0i, 02 assumed to transform 


the same way under T. These, however, were complex Dirac fermions, and the factor of i multiplying the 


mass term in eqn. (2.4) was necessary for T-invariance. For Majorana fermions, the Dirac equation must be 
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under T: 


Tijl(t,Xi,X2) = 'Jo'lpl{-t,Xi,X2), J'lp2(t,Xi,X2) = Xi, X 2 ) ■ (3.10) 

The opposite signs are chosen so that it is possible to have a T-conserving off-diagonal 
mass term m'ipiip 2 . (Diagonal mass terms or m"'02'02 are T-violating.) The phase 

transition between a topologically trivial and a topologically nontrivial insulator is achieved 
when m changes sign. Now we study as a function of m the partition function of this system 
on a compact manifold X of Euclidean signature. Suppose that X and the pin’*' structure 
on X are such that ( ^ 0. Then setting m = 0, both -01 and '02 have an odd number of 
zero-modes (generically 1 each). It takes an odd number of insertions of to lift these 

zero-modes, and therefore the partition function is proportional to an odd power of m; thus, 
it changes sign in passing through m = 0 whenever C 7^ 0- There is no such sign change if 
C = 0. So if the partition function is positive-dehnite for, say, m > 0 then its sign is (—1)^ 
for m < 0. 


A more precise explanation is as follows. Since 'i/ji and "02 transform oppositely under 
an orientation-reversing symmetry, they combine together to a single Majorana fermion 
0 on an oriented three-manifold X that arises as the oriented double cover of X. The 
partition function of the 0i — 02 system on X is the same as the 0 partitioi i func tion on 
X. To be precise about this partition function, we add (rather as in section 2.1.3) Pauli- 
Villars regulator fields xi, X 2 with opposite statistics to 0i, 02 and a T-conserving mass term 
HXiX 2 - On X, these combine to a single regulator held £. X has an orientation-reversing 
symmetry (the quotient of X by this symmetry is the original X). 

X anticommutes with such a symmetry (see the discussion of eqn. 


die D irac operator on 
2.22[)), and hence the 


non-zero eigenvalues of the Dirac operator on X are paired under A —)■ —A. (There is also 
a doubling of the spectrum on X for each value of A, because of the antilinear symmetry 
(2.60), but as in eqn. (2.62), a Majorana fermion partition function is computed by taking 
only one eigenvalue from each such pair.) With 0 having mass m and x having mass /i, the 
contribution of a pair A, —A to the fermion path integral is 


A -I- im —A -|- im 
A -|- i/i —A -|- i/i 

This is always positive, regardless of the signs of /i and m, so the contribution of nonzero 
modes to the regularized path integral is always positive. Now let us suppose that the 
massless Dirac operator on X has l zero-modes (with l = C mod 2). Then the field 0 on 
X has 2 l zero modes. Since a mass insertion can lift two zero modes of 0 or £; every pair 
of such zero-modes gives a factor of m in the 0 path integral and a factor of l//x in the 
regulator path integral. So the path integral is proportional to (m//x)'-; it is positive-dehnite 
if m and fi have the same sign, and its sign is (—1)^ otherwise. 


(3.11) 


real, so this factor of i is not possible; a T-invariant mass term linking two fermions 0i,02 is possible only 
if they transform with opposite signs under T. 
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The case that m and /i have the same sign corresponds to a topologically trivial T- 
invariant snperconductor. The topologically non-trivial case is the case that m and /i have 
opposite signs. This second case is the topologically interesting one and (—1)'’ is the partition 
fnnction of the bnlk sTQFT associated to it. 


3.5 Extending the sTQFT To A Manifold With Boundary 

We would like to extend this sTQFT to the case that X has a spatial boundary Y. For 
this, we need to extend the dehnition of the mod 2 index C, to the case that X has such a 
boundary. However, there is no symmetry-preserving local boundary condition that will let 
us dehne C- 


Let us look carefully at this crucial point. If X is orientable, then its boundary Y is 
also orientable, and it is possible to dehne a local boundary condition on the Dirac equation 


along the lines of eqn. (2.37). Let n be the unit normal vector to Y. Then we can impose 
the boundary condition 

7 • nV'ly = iV'ly, (3.12) 

with some choice of sign, and these are the most general possible covariant boundary condi¬ 
tions]^ With either choice of sign, this is a physically sensible classical boundary condition]^ 
and with this boundary condition, we can dehne the mod 2 index of the Dirac operator. How¬ 
ever, this boundary condition does not make sense globally if Y is unorientable. A quick 
way to see this is as follows. Starting with a two-component fermion held the boundary 


condition (3.12) selects one component that can be nonzero along H, and it is not difficult 
to se^^ that this component has a dehnite chirality in the 2-dimensional sense. But the 
chirality cannot be dehned globally along H if H is unorientable, so the boundary condition 


(3.12) does not make sense globally. 


If Y is orientable and we pick an orientation, then the boundary condition (3.12) with 


some choice of sign makes sense. Dehning Q to be the mod 2 index of the Dirac operator 
on X with some choice of sign, we can dehne a 3d sTQFT on a 3-manifold with boundary 
whose partition function is (—1)‘’. This gives a gapped and topologically unordered but 


^®A local boundary condition must set to zero one-half of the fermion components along Y = dX, and 


eqn. (3.12) is the most general way to do this that is invariant under rotation of the normal plane at a point 


p G Y. Any other matrix that we might use instead of 7 • n would violate the local rotation symmetry. 

Quantum mechanically, a D = 2> fermion with such a boundary condition will have a perturbative 


gravitational anomaly along dX = Y 45 . That is not important here because we are interested in the mod 


2 index of the D = 3 fermion, not its partition function. 

®*^In a local Euclidean frame, we can take the three gamma-matrices to be pa = oa, a = 1,..., 3, obeying 
717273 = i. Let us assume that the normal direction to the boundary is the 3 direction. The 2d chirality 


along the boundary is measured by i 7 i 72 = — 73 , so the condition (3.12) on the eigenvalue of ^ = 73 selects 
one 2 d chirality. 
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symmetry-breaking boundary condition for the 3d sTQFT. It is symmetry-breaking because 
the choice of sign in eqn. (3.12), which involves a choice of one 2d chirality, breaks reflection 
or time-reversal symmetry along the boundary. 


We can define C 3- T-invariant way if we use the global APS boundary conditions. 
Concretely this amounts to replacing X by the noncompact manifold X' of fig. and 
defining C, to be the dimension mod 2 of the space of square-integrable zero-modes of the 
Dirac operator. This gives a T-invariant definition of C, but C, defined this way is not a 
topological invariant. When the metric onY = dX is varied so that a pair of eigenvalues of 
the 2d Dirac operator on Y passes through 0, the APS boundary conditions on X jump and 
C also jumps. 

At this point (—1)^ jumps in sign, so a bulk theory with partition function ( — 1)^ is not 
physically sensible by itself in this situation. However, hopefully it is clear at this point what 
we should say. The bulk theory with partition function (—1)^ has to be combined with a 
boundary system consisting of Majorana fermions on the boundary. The partition function 
of the combined system is 

|Z„|(-1)<. (3.13) 

Here (—1)'’ jumps whenever a pair of eigenvalues ±A of the boundary fermions passes through 
A = 0, that is, whenever the path integral of the boundary fermions would be expected to 
change sign. So the product is physically sensible. 


3.6 The Orientable Case And Chiral Symmetry 


Let us now look more closely at the case that Y is orientable. In this case, subject to one 
restriction that we mention in a moment, we can assume that Y is the boundary of an 
orientable spin manifold X. This manifold has C = 0- Indeed, the argument given in section 
3. 2| showing that (^ = 0 if X is orientable remains valid with dX ^ 0, as long as we use APS 
boundary conditions. 


Since (—1)^ is always 1 in this situation, we conclude that if Y is orientable, we can 
sensibly dehne the Majorana fermion partition function on Y to be positive definite. A more 
direct explanation of this is to observe that if Y is orientable, then the Majorana fermion 
Ip onY can be decomposed as a sum of helds "0+ and '0- of positive and negative chirality; 
moreover, the action and path integrals of ■0+ and ip- are complex conjugates. So the overall 
path integral is positive. 


As long as Y and X are orientable, the formula (3.13) for the partition function does not 
depend on X - since C = 0 for any X - so it seems that we can forget about X and we get a 
definition of the massless Majorana fermion theory on X as a purely 2-dimensional theory. 
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However, there is a detail that requires some care. Until this point, we have only assumed that 
Y is orientable, but we have not actually had to pick an orientation. Momentarily, we will 
see that to give a complete dehnition of the Majorana fermion theory on Y requires picking 
an orientation of Y, and therefore allowing only orientation-preserving diffeomorphisms as 
symmetries. This should not come as a surprise, because to analyze an orientation-reversing 
symmetry of Y, the mapping torus construction will tell us to think about the mod 2 index 
on an unorientable 3-manifold X, and this can be nontrivial, as we discussed in an example 
in section 13.21 


The reason that some care is needed is that, for given Y, with a given spin structure, 
a suitable X may not exist. The obstruction to existence of X arises precisely if Y is such 
that the mod 2 index (y for a positive chirality fermion 'ijj^ on Y is not zero. (By complex 
conjugation, (y is also the mod 2 index of a negative chirality fermion 'ip_ on Y.) This mod 
2 index is a cobordism invariant, so if it is nonzero on Y, then Y with its given spin structure 
is not the boundary of an orientable spin manifold X. 


Suppose that this index is nonzero on Y. Then -0+ and "0- each have an odd number of 
zero-modes; for simplicity, let us assume that this number is 1, the generic value, and write 
■^+,0 and ij-fl for the coefficients of the zero-modes in a mode expansion of ^jj. The path 
integral over nonzero fermion modes on Y is naturally positive, as the ip- path integral is 
the complex conjugate of the -0+ path integral. Since -0+^0 and '0-,o are coefficients of zero- 
modes, their path integral vanishes in the absence of operator insertions, so the question we 
should ask is how to dehne the path integral measure. But there is no natural way to dehne 
the sign of this measure, unless an orientation of Y is chosen: whether we write d'0+^od'0-,o 
or dip-fidip+fi is tantamount to a choice of orientation of Y. We actually considered this 
situation in section 3ffi for the case Y = and interpreted the fact that the path integral 
measure on Y is odd under an orientation-reversing symmetry in terms of the mapping torus 
construction. 


We conclude this discussion with the following remark. Although we have taken the 2d 
Majorana fermion as our basic example of real fermions, the special behavior for orientable 
Y that we have just found reflects the fact that this example is somewhat special. The 
classihcation of representations of a compact group K as being real, pseudoreal, or complex 
properly refers to irreducible representations, which either are real (they admit an invari¬ 
ant symmetric bilinear form), pseudoreal (they admit an invariant antisymmetric form), or 
complex (they admit no invariant bilinear form). Reducible representation do not have this 
classihcation and a reducible representation may admit both a symmetric bilinear form and 
an antisymmetric one. That is the case with the 1 -|- 1-dimensional Majorana fermion on 
an orientable spacetime Y. The spinor representation of Spin(2) is not irreducible but de¬ 
composes as the sum of components of positive or negative chirality. If 6 is a bosonic spinor 
of Spin(2) with chiral components 6+ and 6_, then there exist both an invariant symmetric 
form d6+ 0 db- and an invariant antisymmetric form d6+ A d6_. By contrast, if Y is un- 
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orientable, then we have to consider the Majorana fermion as a representation of Pin’'"(2). 
Only the symmetric form and not the antisymmetric one is invariant nnder the reflections 
in Pin’''(2) (which exchange 6+ and b_), so as a representation of Pin’'"(2), the Majorana 
fermion is real and not psendoreah So that case is a better example of the general paradigm 
of real fermions. 


There are many interesting examples of real fermions in which this issne does not arise 
(the Enclidean space fermions have a real structure and no pseudoreal one). One such case 
is the original example in which the mod 2 index was interpreted as a global anomaly for real 
fermions 21 , nameljj^an SU(2) gauge theory in four dimensions with a single multiplet of 
fermions transforming in the spin 1/2 representation of SU(2). A more elementary example, 
which we discuss in section is given by a one-component fermion on the boundary of a 
D = 2 Majorana chain [3^. 


3.7 2 + 1-Dimensional Topological Insulator 


We now turn to the topological insulator in 2 -|- 1 dimensions]^ This is a system with T 
symmetry and also with U(l) symmetry. Crucially, T commutes with the electric charge 
operator Q, the generator of U(l). (At the end of this section, we consider the contrary case 
of a conserved charge that is odd under T.) 


The boundary modes of the 2 -I- 1-dimensional topological insulator are a H- 1-dimensional 
massless charged Dirac fermion ifj, say of charge 1. Its charge conjugate, of course, has charge 
— 1. The Dirac fermion -0 can be expanded in terms of two Majorana fermions 'ipi and "02 as 
^jJ = {'ipi + i'^2)/'\/2- The U(l) symmetry of electric charge rotations is 

<5^1 = V’2, 5^2 = -V'l- (3.14) 


Since this formula is real and the 1 -|- 1-dimensional Euclidean gamma matrices can also 
be chosen to be real, we conclude that the boundary fermions of the 2 -|- 1-dimensional 
topological insulator are real in Euclidean signature. (A remark made in section 3.6 also 
applies here, for essentially the same reason: on an orientable 2-manifold E, these fermions 
can be given a pseudoreal structure as well as a real one.) 


Given that the fermions are real, more or less everything we have said about the 2-1-1- 
dimensional superconductor has an analog for the topological insulator. On a closed 3- 
manifold X, the sTQFT associated to the topological insulator has partition function (—I)*’, 
where C, is the mod 2 index that must be computed in the space of all fermion components 


^^The model was pointed out to the author by S. Coleman in Aspen in the summer of 1976. It is difficult 
to recall what his view was at the time. 

^^Some of the following issues were treated previously in 
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(meaning that in computing (, we have to include both and 'ip 2 or equivalently both 
charge eigenstates {'ipi ±i-^ 2 )/v^)- If X has a boundary F, then (— 1 )“’ cannot be dehned as 
a topological invariant, without breaking the time-reversal or reflection symmetry. We can 
preserve the symmetry in dehning (—1)^ if we use APS boundary conditions, but the result 
is not a topological invariant. It jumps in a way that only makes physical sense if we also 
include the boundary fermions, and then the partition function of the combined system is 
as usual \Z^\{—lY. 

But is the invariant (—1)^ nontrivial in this situation? Here we run into an essential nov¬ 
elty. Because the T transformation that is a symmetry of a topological insulator commutes 
with the electric charge generator Q, it really does correspond in relativistic terms to T and 
not to CT. In a relativistic theory, there is a CRT theorem, so T symmetry is equivalent 
to CR symmetry. In Euclidean signature, it is more natural to work with CR (which upon 
analytic continuation back to Lorentz signature implies both T and CR). 

In detail, CR is a symmetry that reverses the orientation of space and also anticom¬ 
mutes with the generator Q of electric charge. In terms of gauge theory, the last statement 
means that the electromagnetic gauge potential A does not transform as a 1-form under 
a spatial reflection, but transforms with an extra minus sign. For example, the reflection 
R ; (xi, a; 2 , xs) —)■ {—xi,X 2 ,X 3 ), combined with charge conjugation C ; A —)■ —A gives the 
combined CR transformation 


CRAi{xi,X2, Xs) = Ai{-Xi, X2, Xs), CRAi{xi, X2, x^) = -Ai{-xi,X2, Xg), i = 2, 3. (3.15) 


Once one understands that an orientation-reversing symmetry should be combined with 
charge conjugation, it is straightforward to see that the mod 2 index C, can be nonzero. We 
start with the two-torus parametrized by 0 < Xi, 0:2 < 1 with endpoints identihed. On T^, 
we place a gauge field A with 1 unit of magnetic flux: da:ida :2 F 12 = 27r/e. Pick a basis 

for the components of a Dirac fermion on T^, where the superscript is the U(l) charge 
±1 and the subscript is the 2d chirality. Using standard facts about the 2d Dirac equation 
in a magnetic held, one hnds that and ipZ have 1 zero-mode each and ipli, have none. 
Now consider a rehection R ; {xi,X 2 ) —)■ {—Xi,X 2 )- One can choose A to be invariant under 
the combined operation CR (this depends on the fact that F is odd under both C and R 
and so is CR-invariant). The effect of CR is to exchange with -ipZ, so precisely one linear 
combination of the two zero-modes on is CR-invariant. If it were the case that R acted 
freely on T^, we would now consider the quotient of by the Z 2 group generated by R to 
get a 2d example with a nonzero mod 2 index. However, this is not the case. Instead we 
take a product x where is a circle parametrized by 0 < 0:3 < 1 again with 

endpoints identihed. We take the gauge held A to be a pullback from T^, and we dehne 
the orientation-reversing symmetry R' : {xi,X 2 ,X 3 ) —)■ {—xi,X 2 ,X 3 -\- 1/2). Now R' does act 
freely on T^, and the quotient T^/Z 2 , where Z 2 is generated by CR/ is a 3d example with a 
nontrivial mod 2 index. 
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It is probably fairly clear at this point that whatever we have said about the D = 3 
topological superconductor has an analog for the topological insulator. 

To conclude, we will consider a system with a conserved charge Q that is odd rather than 
even under T. In condensed matter physics, Q could be a component of the electron spin, 
which for some systems is approximately conserved. A time-reversal symmetry that reverses 
the only pertinent conserved charge would be called CT in relativistic language. Then in 
Euclidean signature, one would have to consider an R symmetry, rather than CR, meaning 
that the gauge field A transforms under reversal of orientation as an ordinary 1-form. In this 
case, one can shovp^ that on any three-manifold X, and for any gauge held, ( is universally 
0. So there is no nontrivial sTQFT with partition function (—1)^. This is consistent with 
the fact that in H = 3, there is according to standard arguments no analog of a topological 
insulator for a T-invariant system with a U(l) symmetry whose generator Q is assumed to 
be odd under T. In particular, a Dirac fermion with a conserved charge that is odd under T 
can be given a symmetry-preserving bare mass. 


4 Complex Fermions 

4.1 Overview 


Our basic example with complex fermions will be the topological insulator or superconductor 
in 3 space or 4 spacetime dimensions. We have already treated this problem in section 
but there we considered only orientable spacetimes. Here we discuss what happens if the 
spacetime is permitted to be unorientable. In this caseQthe boundary fermions transform 
in a complex representation of Pin^(3) rather than a pseudreal representation of Spin(3) = 


the case of R rather than CR symmetry, T is a connection on a U(l) bundle £ —>■ V, where V is a 
possibly unorientable 3-manifold with pin’*’ structure. (CR symmetry would mean that the structure group 
is 0(2) rather than U(l).) The first Chern class Ci(£) is Poincare dual to an embedded circle U C X. Let 
U he a tubular neighborhood of U in X. Topologically U = U x where is a two-dimensional disc. 
Since we are trying to calculate a topological invariant, we can assume that in a suitable gauge, T = 0 on 
the complement of U. One can construct an elementary cobordism from X to the disjoint union Xi U V 2 , 
where Xi is obtained from X by cutting out U and then gluing back in a copy of U with A = 0 (so that 
A = 0 everywhere on Xi), and X 2 is obtained by embedding U = U x in U x (using the obvious 
embedding £> C 5'^, and taking A = 0 outside U). Let C,x, Cxi, and Cxa be the mod 2 indices on the 
indicated 3-manifolds. By cobordism invariance of the mod 2 index, = Cxi + Cxa- On Xi, T = 0 so 
a charged Dirac fermion on Xi is equivalent to 2 Majorana fermions on Xi coupled to gravity only; they 
contribute equally to Cx,, which therefore trivially vanishes. X 2 is orientable, so Cxa vanishes because of the 
usual antilinear symmetry. So Cx = 0. 

^"^We consider systems with T^ = (—1)^ so that the appropriate group is Pin'''(3) and not Pin“(3). See 
Appendix A.2 
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SU(2). Their partition function, even at a formal level, is now complex-valued, not real¬ 
valued, and we have to consider anomalies in a complex-valued path integral of complex 
fermions. 


We start with the topological superconductor, which proves to be the more interesting 
case. The discussion proceeds in a more or less familiar way. First we consider the anomaly 
of the boundary modes, which are a d = 3 Majorana fermion. As usual, this anomaly 
can be expressed as a topological invariant of the mapping torus. For complex fermions in 
general [^, the relevant invariant of the mapping torus is exp(—i 7 rr 7 / 2 ), where r] is an APS 7]- 
invariant of a Dirac operator in one dimension more - in our example the Dirac operator of a 
D = A Majorana fermion. Then we consider the partition function of the sTQFT associated 
to the bulk topological superconductor. Using a standard characterization of the phase 
transition to topological superconductivity in D = 4, we show that the partition function 
of the bulk sTQFT is again exp{—mri/2). Like other bulk invariants we have encountered 
as sTQFT partition functions, this one cannot be defined with a local, symmetry-preserving 
boundary condition. We can define it in a symmetry-preserving way using APS boundary 
conditions, but then it is not a topological invariant and again is not satisfactory by itself. But 
the product \Z^\ exp{—i7iri/2) is physically sensible, as is shown by the Dai-Freed theorem 
28 . This product should be interpreted as the combined partition function of the boundary 


fermions and the bulk sTQFT. 

Finally, we consider a question that does not have a close analog in cases studied earlier 
in this paper. This involves a D = 4 system whose boundary supports u identical gapless 
Majorana fermions. At the free fermion level, u is an integer-valued invariant, but it has 
been argued 17-20 that at the interacting level, u is only an invariant mod 16. From the 
present point of view, this is true because in D = 4, exp{—mT]/2) is in general a 16*^ root 
of 1 , and there is no satisfactory, symmetry-preserving definition of exp(—z/ ■ mri/2) on a 
4-manifold with spatial boundary, unless v is a. multiple of 16. 


A somewhat similar explanation of the value z/ = 16 was proposed in 30 


based on a 

suggestion that the relevant sTQFT partition function would be a cobordism invariant. An 


explicit global anomaly computation 16 showed that the boundary theory with v identical 
Majorana fermions is anomalous unless v is an integer multiple of 8 . It is actually rather 
subtle what happens for z/ = 8 . We will show that although exp(—i 7 r? 7 / 2 ) is a 16^^ root of 
unity in general, it is an 8*^ root of unity in the case of a mapping torus. Thus the u = 8 
theory does not have a traditional anomaly that can be detected via the mapping torus 
construction. Nevertheless, for v = 8 there is a more subtle problem, analogous to what we 


explained in section 2.2.3 for a single Majorana fermion considered on an oriented 3-manifold 
only: even though there is no anomaly in the tradition al sen se, there is also no natural way 
to specify the sign of the partition function. In section 2.2.3, this was because (—1)^/^ is in 


general nontrivial, though it equals 1 for a mapping torus; in the present context, the reason 
is that the analogous statement holds for the invariant exp (—8 ■ miri/2). 
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The u = 8 problem has one more interesting property that certainly shows its subtlety. 
It actually is possible to dehne a gapped symmetry-preserving boundary state without topo¬ 
logical order for the v = 8 theory - that is for the 8*^ power of the v = 1 sTQFT - but this 
boundary state is not compatible with unitarity. 

The d = 3 topological insulator is also related to the r^-invariant by the same arguments. 
But in this case, there is no analog of the integer-valued parameter z/. Hence the results 
are less interesting and going to an unorientable spacetime does not reveal much structure 
beyond what we explored in section 


4.2 Anomaly Of The Boundary Fermions 


An unorientable 3-manifold Y can always be constructed as a quotient H/Z 2 , where Y is 
the oriented double cover of Y, and Z 2 is generated by an orientation-reversing symmetry 
T : Y ^ Y that obeys = 1. Suppose that we are given a r-invariant spin structure S on 
Y. This means in particular that we have a notion of fermion held 'ip on Y and an action of 
r on obeying = 1. 

In this case, we can dehne a pin’*' structure V on Y, by saying that a fermion held ip on 
Y with this pin"*" structure is a fermion held pj on Y that obeys r'0 = pJ- Moreover, every 
pin"*" structure on Y arises in this way, for some choice of r-invariant spin structure S on Y. 


But we can also dehne a “complementary” pin”^ structure V on Y, by saying that a 
fermion held tp' on Y with this alternative pin’*' structure is a fermion held p) on Y that 
obeys rpj = —p). Actually, the relationship between V and V is completely reciprocal and 
neither of them is preferred. When are given a geometrical symmetry t \ Y ^Y and a spin 
structure S ^ Y that is r-invariant up to isomorphism, this does not tell us the sign with 
which r should be taken to act on S. The choice of sign determines what we mean by V 
and what we mean by V. 


On y, we can dehne the usual hermitian Dirac operator T> = \lj) = However, 

in odd dimensions, the Dirac operator anticommutes with an orientation-reversing symmetry. 
This point was illustrated in eqn. (2.22), and, as explained there, is the reason that a mass 
term added to the Dirac equation in 2 -|- 1 dimensions would violate rehection symmetry. 


In particular, T) is odd under r, so if rp) = ±-0, then ripDpj) = ^Vpj. Interpreted on 
y, this statement means that there is no self-adjoint Dirac operator acting on a fermion 
held pj that is a section of V, or on a fermion held pj' that is a section of V. Rather, the 
natural Dirac operator on Y maps V to V' and V to V. The operators Dp \ V ^ V and 
'D'pi : V' ^ V are adjoints, so we can combine them to a self-adjoint operator which in the 
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basis 


0 T)'P' 

T)'P 0 


(4.1) 



V = 


In fact, V is just the usual self-adjoint Dirac operator of Y (for spin structure 5), acting on 
a spinor field '0 that has been reinterpreted as a pair -0, -0' on Y. 


More fundamentally, the reason that there is no self-adjoint Euclidean signature Dirac 
operator for or for if)' is that in Euclidean signature these are complex fermions, not real 
or pseudoreal ones. As explained in Appendix B.2, the group Pin’^(3) has two different 


two-dimensional representations, which are complex conjugates of each other. The helds V’ 
and xf)' are associated to these two different representations. 

Although we cannot write a self-adjoint Dirac operator for 'ip or rp' only, there is no 
problem with the classical Dirac action 


^?x^/g'^piIJ)■^p 


(4.2) 


for tp (or likewise for ip') only. Recall that, as discussed in section 2.2.1, the Dirac action 
really involves an antisymmetric bilinear form D rather than an operator V. Up on Y, the 
relation between the two is D.^,^ = where e^ji is the antisymmetric bilinear form on 

the 2-dimensional representation of Spin(3) = SU(2). But this form is odd under r (more 
generally, it is odd under the disconnected component of Pin’''(3)). So as is also odd 
under r, it follows that D.y^ is even, and thus can be dehned only for the r-even fermion ip 
or the r-odd fermion ip'. 


All of what we have said has an analog that is probably much more familiar on an 
orientable manifold of, say, dimension 2. In 2 dimensions, we can consider chiral fermions 
ip+ and Ip- which in Euclidean signature are complex conjugates of each other. The 2d 
Dirac operator maps ip+ to ip- and ip- to ip+, so to write a self-adjoint Dirac operator 
one has to combine the two chiralities. But the Dirac action pairs '0+ with ip+ and ip- 
with Ip-, so (modulo questions of anomaly cancellation) it makes sense to consider a theory 
with one chirality only - such as the edge modes of a 2 -|- 1-dimensional chiral topological 
superconductor. 

Returning to the helds ip and ip' on a possibly unorientable 3-manifold, the Dirac action 
and path integral for ip' are the complex conjugates of those for ip, so the two partition 
functions and Z^f are complex conjugates. In fact, concretely ip and ip' combine to the 
fermion ip on Y, so formally Z^Z^i = Z^, and we claim that > 0. As usual, we have 
Z^ = |Z^| exp(—ivTT^/d). However, as the Dirac operator V oiY is odd under r, its spectrum 
is symmetric under A -f-)- — A, so nonzero modes on Y do not contribute to r]. So either there 
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are no zero-modes, in which case rj = 0 and > 0 , or there are zero-modes and = 0 . 

While the product Z^Z^/ is positive and in particular is completely anomaly-free, Z^ and 
Z^i separately are complex and subject to anomalies. They have no perturbative anoma¬ 
lies (in general there are no perturbative anomalies in odd-dimensional spacetimes without 
boundary), but they have global anomalies. Indeed, the global anomaly of Z^ was computed 
recently in in a particular example. This is analogous to the fact that in the more 
familiar case of the chiral fermions and V’- in 2 spacetime dimensions, and Z^_ 
are anomalous (in this case with perturbative as well as global anomalies), but the product 
Z^_^Z^_ is nonnegative and anomaly-free. 


A general framework to calculate the global anomaly in a complex fermion path integral 
was described in section 4 of 26 . Given a diffeomorphism (pofY (or a combined diffeomor- 


phism and gauge transformation in a more general problem), one constructs as in section 


2.1.2 a mapping torus X. X is a 4-manifold obtained by gluing together the ends oiY x /, 


where / is the interval 0 < s < 1, via 0. We endow X with a metric 

+ 9s, 


de = ds ^' ' 2 . 


(4.3) 


where Qs is an s-dependent familiy of metrics on Y and e is a suitable small parameter. In 

(4.4) 


the basis (4.1), one introduces a new gamma matrix 


7. = 


1 0 
0 -1 


Then one dehnes a Dirac operator on X: 

■n ■ ^ 


0 

'D'p 


T^-pi 

0 


(4.5) 


Here Vv = 


0 

D'P 


Dp/ 

0 


is the Dirac operator on Y with s-dependent metric gs, and the 


explicit factor 1/e comes because in (4.3), we use the metric e^gs- The result of the analysis 


m 


26 is to show that the change of the partition function Z^ under 0 can be expressed in 


terms of the 77 -invariant of D = 4 Dirac operator D^: 


-)■ Z,;,exp(-i7r77/2). (4.6) 

We will not repeat this calculation in detail and just mention a few points. Because we are 
trying to compute a topological invariant, we can consider a generic s-dependent family of 
metrics gs such that Dy has no level crossings as a function of s. By also taking e sufficiently 
small, one can reduce to the case that the spectrum of T>x, and therefore its 77 -invariant, 
can be computed by an adiabatic approximation]^ In the adiabatic approximation, the 

A^s) are the eigenvalues of as a function of s (we assume that these are nondegenerate except 

for the 2-fold degeneracy that comes from pseudoreality), the condition for the adiabatic approximation is 
that dAi/ds should be sufficiently small compared to the relevant eigenvalue differences. This condition is 
satisfied for sufficiently small e, assuming there are no level crossings. 
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contribution of each eigenvalue of Py to exp(—i 7 rr 7 / 2 ) conies essentially from the holonomy 
of its Berry connection. (The Berry connection for adiabatic evolution of a given eigenstate 
is introduced, though not by that name, in the middle of p. 215 of [^.) In the adiabatic 
approximation, the same holonomy gives the contribution of each eigenvalue to the change 
of phase of under 0 . 


A consequence of eqn. (4.6) is that, as in previous examples that we have studied, the 
anomaly is a cobordism invariant, meaning that it is trivial if X is the boundary of a 5- 
manifold Z over which the pin^ structure extends. Here we make use of eqn. (2.47). On 
a 5-dimensional pin’*' manifold, the index X is always even because of pseudoreality, so eqn. 


(2.47) implies that if X is a boundary, then rj is a multiple of 4 and hence exp(—i 7 r? 7 / 2 ) = 1. 


The reader who actually consults 26 and the later paper 28 in which an important 


rehnement was made will hnd that it is assumed that Y has even dimension and X has odd 
dimension. The reason for this was simply that, if Y is orientable, complex fermions on Y 
exist only if its dimension is even. Applications involving unorientable manifolds were not 
envisioned so it was natural to assume Y to have even dimension. However, the reasoning 
in these papers apply equally well to complex fermions in any dimension, even or odd. 


In terms of the applications of the results, an important difference comes from the fact 
that in even dimensions, complex fermions generically give rise to perturbative anomalies 
Moreover, if Y has even dimension, then X has odd dimension, and if it is the boundary 
of some Z, then Z again has even dimension. If Vx is a Dirac operator on X and rj is its 
T^-invariant, then typically exp(—i 7 r? 7 / 2 ) is not a cobordism invariant (or even a topological 
invariant) because there is a curvature term in the APS in dex th eorem on Z. (For Z of 
dimension 4, this curvature term is the term A — P of eqn. (2.38).) However, on an even¬ 


dimensional manifold Y, we recover cobordism invariance in the case of complex fermions 
whose perturbative anomalies cancel]^ This follows from the formula for rj given by the 
APS index theorem. Here of course the global anomaly comes from an 77 -invariant that 
receives contributions from all fermion multiplets in a given theory, so in using the APS 
index theorem, we sum over all multiplets. The curvature term in the APS index theorem 
on Z is precisely the anomaly polynomial of the fermions, so after summing over multiplets, 
it cancels in a theory that is free of perturbative anomalies. The APS index theorem then 
shows that in any theory without perturbative anomalies, in even or odd D, the invariant 
exp(—i 7 rr 7 / 2 ) that controls the global anomaly is a cobordism invariant. 


The relationship of 77 to global anomalies is a close cousin or slight rehnement of a result 
that is much better-known: perturbative anomalies in D dimensions are related to Chern- 


36ln 


26 


but not in 


28 


it is assumed at some points that perturbative anomalies cancel. 


^’^An example is theStandard Model of particle physics, in I? = 4, with gauge group G = SU(3) x 
SU(2) X U(l). In Euclidean signature, the fermions are in a complex but highly reducible representation of 
Spin(4) X G. This representation is such that perturbative anomalies cancel. 
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Simons in D + 1 dimensions and to a curvature polynomial m. D + 2 dimensions. In fact 
the APS index theorem implies (see eqns. (2.51)-(2.53)) a close relationship between r] and 
Chern-Simons. Usually the distinction between them is important only when one asks rather 
delicate questions, for example about global anomalies. 


4.3 Bulk Partition Function 


Here we will compute the bulk partition function of the 3 + 1-dimensional topological super¬ 


conductor. The strategy should be familiar from sections 2.1.6 and 3.4 


A standard description of the phase transition between an ordinary and a topological 
superconductor in 3 -|- 1 dimensions is that it occurs when the mass m of a D = 4 Majorana 
fermion ip passes through 0. Even on an unorientable 4-manifold X, one can dehne a 
hermitian Dirac operator V (we recall from section 4.2 that this is not true in 3 spacetime 


dimensions), and its spectrum is doubled by a version of Kramers doubling, reflecting the 
fact that the Majorana fermion transforms in a pseudoreal representation of Pin’*'(4). For 
details on these statements, see Appendices |A.3| and |B.3[ The path integral of the Majorana 
fermion is a Pfaffian which can be computed by taking one eigenvalue from each pair. We 
write m for the bare mass of ip and we regulate the partition function by including a 
Pauli-Villars held of mass /i obeying the same Dirac equation but with opposite statistics. 
The regularized partition function is 


•^pjreg 


n 


, Afc -F im 
Afc + i/^ 


(4.7) 


where as usual ])([), is an instruction to take a single eigenvalue from each pair. 


There are essentially two cases, depending on whether m and /r have the same sign or 
opposite signs. If m and /x have the same sign, we get a topologically trivial superconductor. 
Indeed, in the limit that X is very large, the precise values of m and /i do not matter, only 
their signs. If m and /i have the same sign, we may as well set m = fi, and then ^^,reg = 1 
is completely trivial. 


The interesting case is that m and fi have opposite signs. In this case, we may as well 
set m = —fi, so 

(4.8) 


^y,reg 


Afc + ifi 


A shortcut to analyzing this expression is to factor it: 

Afc "1 r / 


■^p,reg 


n 




At 


(4.9) 
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The second factor is the inverse complex conjugate of the hrst, so they contribute the same 
phase. The first factor was analyzed in section 2.1.3, with a result given in eqn. (2.17). In us¬ 


ing this result, we have to replace r] (computed in the space of positive charge fermions only) 
with 7]/2 (where rj is computed using all eigenvalues of the Dirac operator and the fac tor of 
1/2 reflects the symbol). This replacement r| —)■ rj/2 should be familiar from eqns. (2.68) 
and (2.69). Thus the two factors in eqn. (4.9) each contribute a factor exp(—iTTT^/d), and the 
final result for the partition function of the bulk sTQFT of the topological superconductor 
is exp(—i 7 rr 7 / 2 ). 

As a check, let us verify that if X is orientable, this answer agrees with the result (—1)^^^ 
that was claimed in section |2.2.3 If X is orientable, we can define the chirality operator 7 
(eqn. (2.31)) and the operation -i/ —>■ y-i/ ensures that nonzero eigenvalues of V are paired 


under A 77 —A. (The spectrum also has even multiplicity for each A because of pseudoreality, 
so nonzero modes are in quartets A, A, —A, —A.) Pairs A, —A do not contribute to 7 , so for 
X orientable, 7 receives contributions only from zero-modes. Let and n_ be the number 
of zero modes of positive or negative chirality. Each zero-mode contributes -|-1 to 7 (see 


eqn. (2.19)), so 7 = -f n_ and exp(—i 7 r 7 / 2 ) = exp(—i 7 r(n+ -\- n_)/2). On the other hand 
X = n_|_ — n_, so (—1)^/^ = (— 1 ) 0 +“"'-)/ 2 . These are equal as n_|_ and n_ are even. For 
a more direct explanation, the reader can return to eqn. (4.8) and see that a quartet of 


eigenvalues A, A, —A, —A makes no contribution but a pair of zero-modes contributes a factor 
of — 1 , just as in (— 1 )^/^. 


Note that in the course of the argument, we have shown that if X is orientable, then rj 
is an even integer. But if X is orientable and has an orientation-reversing symmetry, then 
= n_ and so 7 is a multiple of 4. 


4.4 Anomaly Cancellation And The Dai-Freed Theorem 


As usual, there is a problem in defining the partition function exp(—i 7 r 7 / 2 ) of the bulk 
sTQFT on a 4-manifold X with boundary. There does not exist a local, symmetry-preserving, 
self-adjoint boundary condition for the 4d Dirac operator in Euclidean signature that could 
be used to give a satisfactory definition of rj. We can use nonlocal APS boundary conditions 
to define 7 in a symmetry-preserving fashion. But exp(—i 7 r? 7 / 2 ) dehned this way is not a 
topological invariant and only makes sense physically when combined with gapless modes on 
the boundary. 


In section 4.2 we explained that the usual boundary fermions of the topological su¬ 


perconductor are complex fermions with a complex path integral when formulated on an 
unorientable 3-manifold Y. Moreover, according to the general global anomaly formula for 
complex fermion path integrals 26 , the anomaly involves exp(—i 7 r? 7 / 2 ) where as in the last 
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paragraph, rj is the r^-invariant of a D = 4 Majorana fermion. 


As in other cases that we have studied, what is physically sensible is the product 


|Pf(D)|exp(-i7ri,/2), 


(4.10) 


where Pf(D) is the Pfaffian of the boundary fermions and rj is the bulk r^-invariant computed 
with APS boundary conditions. Indeed, the assertion that this product is physically sensible 
is essentially the content of what we will call the Dai-Freed theorem 28 , which is a refinement 
of the general global anomaly formula. 


We will not attempt to describe the proof of the Dai-Freed theorem, but we will make 
a few remarks that may be helpful. First of all, the theorem is actually phrased in 
in a more abstract way. To explain this, we should explain that the usual mathematical 
viewpoint about anomalies is to say that although Pf(D) cannot be naturally defined as 
a complex number, or as a complex-valued function of the metric on Y, there is always a 
unitary complex line bundle over the space of metrics on Y (or metrics plus gauge fields in 
a more general case) such that Pf(D) is canonically defined as a section of this line bundle. 
This line bundle is called the Pfaffian line bundle and we will denote it as P/(D). The 
Dai-Freed theorem as stated in 28 asserts that exp(i7rr7/2) is naturally-defined as a section 


of Pf{V). An equivalent statement is that the product Pf(D) exp(—i7r77/2) (where the two 
factors are sections of inverse line bundles) is well-dehned as a complex number. However, 
as long as we restrict to the locus on which the boundary Dirac operator has no zero-modes, 
the line bundle P/(D) has a natural trivialization. Relative to this trivialization, the Pfaffian 
Pf(D) is positive and can be replaced by its absolute value, and exp(—i7r?7/2) is likewise a 
well-defined complex number]^ with the usual dehnition (2.69). 


Finally, we should explain in concrete terms the meaning of the statment that the product 
|Pf(D)| exp(—i7rr7/2) is physically sensible. For real or pseudoreal fermions, a key point was 
that |Pf(D)|(—1)^ or |Pf(D)|(—1)^/^ behaves sensibly when the boundary Dirac operator 
develops a zero-eigenvalue. This happened because the sign of (—1)'’ or (-l)X/2 

jumps 

whenever the path integral of the boundary fermions would be expected to change sign. For 
complex fermions, we are not dealing with sign changes, because Pf(D) is not naturally real. 
But it is still essential to understand what happens when zero-modes develop. 


Near a point at which the boundary Dirac operator develops a pair of zero-modes, the 
associated bilinear form D, in its canonical form, has a 2 x 2 block 


(-A o)- 

^®We do not need to discuss the meaning of exp(—i7r77/2) when the boundary Dirac operator does have 
zero-modes, since in that case Pf(D) = 0. As explained in [^, this case is subtle because the definition of 
APS boundary conditions is subtle when the boundary fermions have zero-modes. 
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with small A. Here A is a complex number and to make it vanish we must vary two parameters 
in the metric and/or gauge held on Y. For example, there may be two parameters Mi,M 2 
such that 

A = Ui + 1^2. (4-12) 

Equivalently, setting ui + m 2 = we have A = ge^'^. We expect the path integral to be 
proportional to A for A —)■ 0. So for the formula |Pf(D)| exp(—i7rr7/2) for the combined bulk 
and boundary partition function to be physically sensible near A = 0, exp(—i7r?7/2) must not 
be smooth near A = 0. On the contrary, it must be proportional to which is ill-dehned at 
A = 0. Concretely, this happens because of the way APS boundary conditions depend on ip. 
APS boundary conditions depend on which modes of the Dirac operator on Y have negative 
eigenvalues. For very small (positive) g, the Dirac operator on Y has low-lying modes, and 
which linear combinations of them are eigenmodes with negative eigenvalue depends on (p. 


4.5 The Case of 1 / Bands 

At the free fermion level, the topological superconductor is characterized by an integer-valued 
invariant u. Let ns recall how u is dehned. 

On the boundary, we consider ni Majorana fermions that transform under T as 


T'lpi-t, xi, X 2 ) = xi, X 2 ), (4.13) 

and n 2 that transform with the opposite sign: 

J'lp{-t,Xi,X2) = -Jo'lp(t,Xi,X2). (4.14) 

A pair of Majorana fermions ip, tp' that transform with opposite signs can have a T-conserving 
bare mass ipip' . So up to T-invariant perturbations, only the difference u = ni—n 2 is relevant. 


In bulk, the basic object, as explained in section 4.3, is a Majorana fermion ip of mass 
m that has a regulator of mass /r. The interesting case is that m and p have opposite 
signs. In section 4.3, we took /i > 0, m < 0 and arrives at exp(—i7r?7/2) as the sTQFT 


partition function. With the opposite signs, /r < 0 and m > 0, the same derivation would 
give exp(i7r?7/2). In bulk, u is dehned as the difference between the number of /i > 0, m < 0 
pairs and the number of /i < 0, m > 0 pairs. The bulk partition function is exp(—z/i7r?7/2). 


At the free fermion level, u is an integer-valued invariant, but it is known 20 that when 


T-conserving interactions are taken into account, u is a topological invariant only mod 16. 


It was pointed out in 30 that for a 4-dimensional Pin"^ manifold, exp{—i7rri/2) is always 
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48,49 a 16*^ rooiplof 1. Accordingly, the product of v copies of the sTQFT whose partition 


function is exp(—i 7 rr 7 / 2 ) is trivial if and only if v is an integer multiple of 16. This was offered 
as an explanation of why even at the interacting level, v is well-defined mod 16. We 


m 


30 


have put those considerations on a hrmer footing by showing in section 4.3 that the partition 
function of the basic sTQFT associated to the D = A topological superconductor is indeed 
exp(—i 7 rr 7 / 2 ). 


4.6 Special Behavior For i/ = 8 


It was shown in that, at least in a special case, anomalies associated to the mapping 
torus detect the value of u mod 8 but not mod 16. We can now explain why this is true. First 
of all, exp(—i' 7 rr 7 / 2 ) is a cobordism invariant of a pin^ 4-manifold X. Moreover, it generates 
the group of cobordism invariants, so any other U(l)-valued cobordism invariant is a power 
of this one. In particular, taking tC 4 to represent the fourth Stieffel-Whitney class, (—1)"''‘ 
is a nontrivial U(l)-valued cobordism invariant so it must be a power of exp(—i 7 r? 7 / 2 ). The 
power must be 8 since (— 1 )’^"‘ is valued in {± 1 }: 

(-1)^4 ^ exp(-8i7rr7/2). (4.15) 

For example, for X = MP"^, one has W 4 = 1, exp(— 7 rir 7 / 2 ) = exp(±2i7r/16), with the sign 
depending on the pin+ structure. 

Thus the u = 8 case of a topological superconductor has ( —1)"'"‘ for its bulk partition 
function. The Stieffel-Whitney classes are defined without choosing a spin or pin structure, 
so unlike what happens for other values of u, the z/ = 8 topological superconductor does not 
depend on the pin’*' structure of the four-manifold X. There is a full-fledged TQFT with 
partition function (— 1 )"''‘. 


For a rank 4 real vector bundle - such as the tangent bundle of a 4-manifold - W 4 is the 
same as the mod 2 reduction of the Euler class. So an alternative statement is that the v = 8 
theory has (—1)^*^^^ as its bulk partition function where x{^) is the Euler characteristic 
of X. 


Now we can explain the result found in 16 , and see that it is general. If X is a mapping 


torus, meaning that it is total space of a hber bundle X —)■ the fiber being a 3-manifoId Y, 
then x{^) = 0- way to prove this is to observe that in general, the Euler characteristic 
is multiplicative in fibrations. So x{^) = But this vanishes, since x(5'^) = 0. 


^®Moreover, all 16*^ roots do occur. For X = KP^, one has exp(—i7r?7/2) = exp(±2i7r/16), where the sign 
depends on the choice of pin^ structure. For an introduction to these matters, see Appendix 

^°We started with W 4 rather than y because Stieffel-Whitney numbers such as W 4 are always cobordism 
invariants, which made it easier to explain the relationship to exp(—i 7 rry/ 2 ). Likewise, the relationship of y 
to W 4 is the simplest way to explain that (—is a cobordism invariant. 
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In short then, we are in a similar situation to what we found in section [2. 2. 3| for the same 
problem on an orientable manifold. If i/ is a multiple of 8, this ensures that the theory of v 
identical Majorana fermions on a 3-manifold Y has no traditional global anomaly - detectable 
via the invariant exp(—i^i7r?7/2) of a mapping torus. But to give a natural definition of the 
sign of the partition function for a system of v identical 2-|-1-dimensional Majorana fermions, 
with no need for “anomaly inflow” from a 4-manifold X, one wants exp(—i/i7r77/2) to equal 
1 for all four-manifolds, not just mapping tori. For this, we need z/ to be a multiple of 16. 


The fact that the bulk state for u = 8 has partition function (—1)^^^) may seem, at 
first sight, to offer a way to dehne a symmetry-preserving gapped boundary state without 
topological order. After all, the Euler characteristic of a manifold with boundary is perfectly 
well-dehned and has natural cobordism properties. In the TQFT with partition function 
(_l)x(^), one can define a symmetry-preserving boundary state by saying that the partition 
function on a 4-manifold X with any spatial boundary Y is (—This boundary state 
satisfies cutting and gluing axioms of TQFT, but it is not compatible with reflection positivity 
or unitarity. For a simple counterexample, take Y to be a 3-sphere and X a 4-ball with 
boundary Y. Then (—1)^^^^ = —1, but because X can be built by gluing two identical 
pieces as in fig. of section |2.1.9, reflection positivity would require that the partition 


function for X should be positive. 


4.7 The d = 3 Topological Insulator On An Unorientable Space¬ 
time 

Now we very briefly consider the 3 -|- 1-dimensional topological insulator on a possibly un¬ 
orientable spacetime. Everything that we have said about the topological superconductor 
has a fairly obvious analog, with one exception. In contrast to the integer-invariant u of the 
topological superconductor, the topological insulator has only a Z 2 -valued invariant, even at 
the free fermion level. Indeed, we have already written in eqn. (2.4) a T-conserving mass 


term for a pair of 2-|- 1-dimensional Dirac fermions 'ipi, "02 that transform the same way under 
T. So T symmetry only protects mod 2 the number of massless charged Dirac fermions. 


We therefore expect that it will turn out that exp{—i7rT]/2) is always ±1 for the topological 
insulator, even on an unorientable 4-manifold. To understand this statement, we first have 
to recall that the symmetry that protects the SPT state of a topological insulator is, in 
relativistic terminology]^ T and not CT. As we discussed in section 3.7, this means that in 
Euclidean signature, we should consider the symmetry CR; in other words, a symmetry that 
reverses the orientation of spacetime also acts as charge conjugation. 


and CT, which exchange electrons with positrons, are never true symmetries in condensed matter 
physics. 
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Now let X be a possibly unorientable 4-manifold and X its oriented double cover. The 
invariant exp{—mri/2) on X that we want to understand is the //-invariant of a Dirac operator 
acting on fermion helds "0^ where the superscript is the U(l) charge and the subscript is 
the chirality. There is an equivalent definition on X in which one considers only fermion 
helds of positive U(l) charge but any chirality: the Dirac spectrum on X computed from 
eigenvalues of the Dirac operator acting on 0^ only is the same as the Dirac spectrum on X 
in the full set of helds 0^. Indeed, X is the quotient of X by a CR symmetry, so the helds 
'ijj^ and 01 on X combine to on X, and similarly 00 and 00 on X combine to 00 on X. 
So instead of computing an //-invariant by summing over the spectrum of a Dirac operator 
on X acting on the full set of helds 0^, we can sum over the spectrum of a Dirac operator 
on X acting on 00 only. 

As X is orientable, the Dirac spectrum on X is symmetric under A ^ —A. This follows 
as usual from considerations of chirality. But a pair of eigenvalues A, —A does not contribute 
to the //-invariant. So in computing // on X, we can consider zero-modes only. The space of 
zero-modes of the Dirac operator on X is even-dimensional because of the usual antilinear 
symmetry of the Dirac equation, so // is an even integer. Consequently, exp(—i'7r///2) = ±1, 
as we aimed to show. 


5 The Majorana Chain 


At a microscopic level, the time-reversal operation that holds in the real world obeys T^ = 
(—1)^, where (—1)^ is the operator that counts fermions mod 2. But there are some situa¬ 
tions in condensed matter physics in which it is natural to consider a time-reversal symmetry 
that obeys T^ = 1. This usually happens either because spin is unimportant or because the 
symmetry under consideration is really the product RT of time-reversal with a reflection of 
one space coordinate. (In nature (RT)^ = 1, and RT can act as time-reversal on a thin layer 
or long chain that is localized at the hxed point set of R.) 


In the context of SPT phases of matter, there is a very interesting example in which a 
time-reversal symmetry is assumed with T^ = 1. This is the Majorana chain in 1 space 
dimension 


38 


A boundary of such a system is 0-dimensional, that is a point, and we will begin there. In 
this paper, we have built in the condition T^ = (—1)'^ by taking our Lorentz signature gamma 
matrices to be real matrices obeying { 7 ^, 7 ^} = 2//^,^, where //^y = diag(—1,1,1..., 1). Then 
we take T to act by 

0(0x) ±7o0(-t,f), (5.1) 

ensuring that T^0 = —7o0 = —0- Since = -|-1 for / > 0, it follows that a spatial reflection 
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squares to +1. In Euclidean signature, this leads to a pin^ structure. 


In 0 + 1 dimensions, we only need one gamma matrix 70 . To get the most economical 
possible theory, we take 7 q = +1, rather than —1 as in all our discussion so far. Then we 
can represent 70 by the number 1 x 1 matrix 1 (or — 1 ), and it is possible to consider a 
1-component real (Majorana) fermion held V’ with action 

We take T to act on such a held by 

(5.3) 


with some choice of the sign, so that T^ = 1 . A pair of fermions 'ip, tp' that transform with 
opposite signs can have a T-invariant “mass” term iippj', so as in section 4.5, the natural 
invariant is the diherence u between the number of fermions transforming under T with a -|- 
sign, and the number transforming with a — sign. At the free fermion level, u is an integer 
invariant, but 38 at the interacting level, u is only an invariant mod 8 . (This statement 


means that a 0 -|- 1 -dimensional system consisting of 8 real fermions all transforming under 
T with the same sign can be gapped by a suitable T-invariant four-fermion coupling.) 


When u is not a multiple of 8 , this system has a subtle (zz-dependent) anomaly in the 
realization of the symmetries T and (—1)^. We will not repeat this story here, and instead 
we will ask how the system with u boundary fermions can naturally appear on the boundary 
of a T-conserving system in 1 -|- 1 dimensions. The choice 7 g = -|-1 that we have made 
in setting up this problem corresponds to a Pin” structure, and once we have assumed a 
Pin” structure on the 0 -|- 1-dimensional boundary of spacetime, we must also (if we want 
the Dai-Freed theorem or a similar tool to be available) assume a Pin” structure on the 
1 -I- 1-dimensional bulk. So we consider fermions with 1 -I- 1-dimensional gamma matrices 
that obey 7 q = 1 = — 71 , or more covariantly { 7 ^, 71 /} = — 27 ^^. In Euclidean signature, this 
becomes where the minus sign corresponds to a Pin” structure. (2x2 

matrices satisfying { 7 /^, 7 ;^} = exist but cannot be chosen to be real. The fact that 

a bare mass is possible, as discussed in the next paragraph, makes it clear that a Majorana 
fermion with T^ = 1 is pseudoreal in Euclidean signature.) 

In contrast to the case T^ = —1, a 2d Majorana fermion with T^ = 1 can have a T- 
invariant bare mass. In Lorentz signature, the T-invariant Dirac equation can be written 

(7°9o -I- 7^5i — mq) ^p = 0, (5.4) 

where m is real and 7 = 7 ^ 7 ^ is the chirality operator. Actually, this equation is T-invariant 
for either sign in { 7 /i, 7 i/} = ± 2 ? 7 ^jy, but if one writes the equation in Hamiltonian form 
idipJ = Hip for some linear operator H, one sees that H is only hermitian for the case of a 
— sign. So that is the case for which this mass term is physically sensible. 




After generalizing to curved spacetime and continuing to Euclidean signature, eqn. (5.4) 
becomes (.0 — irrvf) -0 = 0. But it is convenient to multiply by 7 and write the equation as 

{V + im)^ = Q. (5.5) 

Here V = ^if) is a hermitian and reflection-symmetric Dirac operator. Because it is reflection 
symmetric, it makes sense on any 2 -manifold, possibly unorientable, that is endowed with a 
Pin” structure. (See Appendix A.3 for more on this.) 


The bulk sTQFT of the Majorana chain is constructed by taking a fermion held "ip of mass 
m, together with a Pauli-Villars regulator held of mass fi. As in section 4^, the interesting 
case is that m and /i have opposite signs. For /r > 0, m < 0, the phase of the partition 
function is exp(—i 7 r? 7 / 2 ), by the familiar argument. This is the partition function of the bulk 
sTQFT associated to the Majorana chain. It is always an 8 *^ root of 1; it equals exp(± 2 i 7 r/ 8 ) 
for MP^, where the sign depends on the choice of Pin” structure. (See AppendixjC ) Because 
exp(— 7 ri 7 / 2 ) is always an 8 *^ root of 1, the bulk sTQFT of the Majorana chain is trivial for 
V multiple of 8 . (This was argued in 30 based on an assumption of cobordism invariance.) 


As usual, if V is not a multiple of 8 , the bulk partition function exp(—z/i 7 r 7 / 2 ) cannot be 
dehned as a topological invariant in a symmetry-preserving fashion on a possibly unorientable 
2-manifold with boundary. However, the Dai-Freed theorem applies in this situation and says 
that the product of the path integral of v boundary fermions times exp(—i^i 7 r? 7 / 2 ) is well- 
dehned. This is the path integral of the combined system consisting of the bulk sTQFT and 
the boundary fermions. 


A Spinors In Riemannian Geometry 

A.l Spinors On Orientable Manifolds 

To introduce spinors and the Dirac equation on a Riemannian manifold W of dimensioij^ 
n, it is useful to hrst pick a “vielbein,” that is an orthonormal basis of tangent vectors Cq, 
a = 1,... ,n. We denote as e)j, i = 1,... ,n, the components of in an arbitrary local 
coordinate system x* = {a:^,..., x”} on W. The statement that the are orthonormal 
means that, if gij is the metric tensor of W, then 

= Sab- (A.l) 

Equivalently, 

(A.2) 

our applications, W is usually either the spacetime X of dimension D or its boundary V = dX of 
dimension d = D — 1. 
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Indices of ejj are raised and lowered with 6ab and gij and in particular e“ is the inverse matrix 
to ejj. “Flat space” gamma matrices are x matrices 7 ^, a = 1,... ,n, obeying 

{7a,74 = 25afe- (A.3) 

The corresponding “curved space” gamma matrices are 7 ^ = e“ 7 a, obeying 

{7i,7i} = 2 c/7-. (A.4) 


While the orientation-preserving rotation group SO(n) acts on the tangent space to W 
at a given point p G W, the corresponding group that acts on spinors on hF is a double cover 
of SO(n) that is known as Spin(n). Its generators are 


Safe ^ [da; 7fe] • 

The covariant derivative of a spinor held T is dehned as 

D 


Dx^ 


rT = 


8 

^ 

dx^ 


ab 


T, 


(A.5) 


(A. 6 ) 


where is the Levi-Civita connection on the tangent bundle of W. So we can dehne a 
hermitian Dirac operator: 

n 

V = iJ2l‘D.. (A.7) 

i=l 


This construction depended on the choice of a vielbein {ca}, which in general can only 
be made locally. To dehne a global Dirac operator, one glues together local descriptions. A 
down-to-earth way to proceed is to cover W with small open sets W^, x = 1,..., s, picking a 
vielbein e^x, a = 1,..., n, on each hFx. On IfAnlFy, since e^x and e^y are both orthonormal 
bases of the tangent bundle of W, they are related by an orthogonal transformation Mxy: 
Cx = MxyCy, or in more detail 

Cax = J^^Ma^xyCfey. (A.8) 

6 

(Here Mj’^y are the matrix elements of the n x n orthogonal matrix Mxy.) If W is orientable, 
as we assume in this section, we can pick the local vielbeins Cx such that Mxy is valued in 
SO(n) (rather than 0(n)). The transition matrices Mxy obey a consistency condition; in 
triple overlaps Hk O IFy H hFz, we have 

MxyMy^M^x = 1. (A.9) 


Once a local vierbein is picked in an open set hFx, we can dehne a spinor held Tx (with 
components Tox, cn = 1 ,..., 2["'A1) in this open set. The covariant derivatives and Dirac 


70 



equation for \l/x are as in eqns. (A.l) and (A.7). On intersections O Wy, we compare 'Pj 


and 'Py via 


\Jf = M ^ 

^ X xy ^ y 5 


(A.10) 


where Mxy is a 2 [”A] x 2 ["-/ 2 ] matrix that is obtained by “lifting” Mxy to the spinor repre¬ 
sentation. Thus Mxy is an element of Spin(n), the double cover of SO(n) associated to spin. 
Because the sign with which a given element of SO(n) acts on spinors is not uniquely deter¬ 
mined, the lift from Mxy to Mxy is only uniquely determined up to sign. For consistency, 
the signs must be chosen so that in triple overlaps 


MxyMy,M,x = 1. 


(A.ll) 


A choice of signs satisfying this condition is called a spin structure on W; once a spin 
structure is picked, we can piece together the local descriptions and globally study fermions 
and the Dirac equation on W. In dimension > 4, a given W may not admit a spin structure 
because it may be impossible to satisfy eqn. (A.ll); in this case, spinors cannot be defined 
on W (an example is hF = CP^). This possibility will not play a primary role in the present 
paper. We simply restrict our attention to spacetimes on which spinors can be dehned. 


More important for our purposes is the fact that a given W may admit more than one 


spin structure. If we do hnd a choice of signs consistent with (A.10), then a different choice 


M^y = Mxy(—1)'^’^^, for some Z 2 -vaIued function Cxy, obeys the same condition if 


(_l)Cxy(_l)Cyz(_l)Czx ^ 


(A.12) 


for all X, y,z. We want to impose on c a gaug e equivalence Cxy = Cxy -|- dx — <^y for any 
Z 2 -valued function d^, since in equation (A.10) the change in Mxy resulting from such a 
change in Cxy can be absorbed in redehning the local spinors by Tx —)■ (—l)'^’'4/x. Given the 
condition (A.12) and the gauge-invariance just stated, Cxy defines an element of the group 


77^(iy, Z 2 ). Any two spin structures on W differ by “twisting” by an element of this group. 


For an elementary example of this, take W to be an n-torus T"', with flat metric. Parallel 
transport of tangent vectors on W is completely trivial: the Levi-Civita connection on 
tangent vectors is 0. However, in dehning spinors on W, we are free to say that a spinor 
changes sign under parallel transport around a noncontractible loop £ C As there are 
n independent loops to consider, there are 2”' choices of sign in dehning spinors on and 
these are the spin structures on T”. The group is isomorphic to Z 2 and labels 

these choices of sign. (For W = T^, but not in general, there is a distinguished spin structure, 
namely the “trivial” one in which spinors are parallel transported with no sign changes. As 
a result, in this example, the set of spin structures can be canonically identihed with the 
group H\W,Z 2 ).) 
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A manifold W endowed with a choice of spin structure is called a spin manifold. (Ori- 
entability is built into the notion of a spin manifold, since in the starting point, we took the 
transition functions of the tangent bundle to be valued in SO(n).) If hh is a spin manifold, 
the matrices M^y, understood as x matrices in the spin representation of Spin(n), 
are transition functions for a vector bundle S —)■ W. A fermion field on hh is a section of 
this bundle. We sometimes refer to S as the spin structure. If S is one spin structure, then 
any other spin structure is S 0 p, where p —)■ hh is a real line bundle of order 2 (defined in 
the above construction by the transition functions (— 1 )'^’"^). 

For even dimension n, the irreducible representation of the Clifford algebra is unique 
up to isomorphism. This can be proved by writing n gamma matrices in terms of n/2 
pairs of creation and annihilation operators, which have a unique irreducible representation. 
But for even n, the irreducible representation of the Clifford algebra is not irreducible as 
a representation of Spin(n); it decomposes as the sum of two representations of Spin(n) of 
positive or negative chirality. For odd n, matters are different. Up to isomorphism, there 
is only one spinor representation of Spin(n), but there are two inequivalent representations 
of the Clifford algebra. The two representations differ by 7 * —)■ — 7 ^, which preserves the 
anticommutation relations of the Clifford algebra and does not affect the Spin(n) generators 
Sjj = |[ 7 i, 7 j], but gives an inequivalent representation of the Clifford algebra. The two rep¬ 
resentations differ by the sign of the product 7172 ■ ■ ■ 7 n “ which commutes with the Clifford 
algebra and so is a c-number (±1 or ±i, depending on n) in an irreducible representation of 
the Clifford algebra. For example, in 3 dimensions, the two representations of the Clifford 
algebra correspond in a locally Euclidean frame to 7 * = iuj, and thus the gamma matrices 
obey 

lilj = 9ij ± iep'fcb^, (A. 13) 

where e^-fc is the Levi-Civita tensor. In this formula, can be regarded as a choice of 

orientation of W. Thus the two representations of the Clifford algebra are associated to the 
two possible orientations of W. The Dirac operator V = is odd under 7 ^ —)■ — 7 ^, 

and so the sign of the Dirac operator depends on the orientation of W. The ^-invariant of 
the Dirac operator changes sign if one changes the sign of this operator (thereby changing 
the sign of all of its eigenvalues), and this is why the 7 -invariant is odd under parity, that is 
under reversal of orientation. 


A.2 Fermions On An Unorientable Manifold 

Now we consider the unorientable case. On an unorientable n-manifold W, the transition 
matrices ilAy of the tangent bundle of W are valued in 0(n) rather than SO(n), and the 
corresponding matrices M^y that act on spinors must similarly take values in a double cover 
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43 


depending on whether a spatial 
, For most physical applications, 


of 0(n). There are two choices of this donble cover 
reflection R acting on spinors satisfies = 1 or = — 1 
the appropriate choice is R^ = 1. The donble cover of Spin(?7,) that arises if R^ = 1 is called 
Pin^(?7,). (If we choose R^ = —1, we get a donble cover of Spin(n) that is called Pin“(n).) 


A reflection symmetry in Enclidean signatnre can be continued to either a reflection or 
a time-reversal symmetry in Lorentz signature, depending on whether the reflection acts 
on the spacetime coordinate that is analytically continued in the change of signature. This 
process is subtle and, as is well-known, T is antilinear in quantum field theory while R is 
linear. Related to this, C (charge conjugation) enters in the continuation, so R in Euclidean 
signature can be continued to CT in Lorentz signature, and CR can be continued to T. If R 
(or CR) squares to -|-1 on fermions, then CT (or T) squares to —1, and vice-versa. 

To describe concretely the group Pin’'"(n), we work on M” and ask how a reflection that 
reverses the sign of one coordinate acts on spinors. Let w he a. unit vector and consider the 
reflection a:* —>■ x* — 2w^w ■ x. Setting j ■ w = ■jiw\ the reflection acts on spinors by 

'ip ^ ■ w 'ip. (A.14) 

These transformations square to -|-1, and adjoining them to the Spin(n) transformations 
generated by T^ab = |[7a,76] gives Pin^(n). One way to describe Pin“(n) is simply to take 
the given reflection to act by iq • w'lp, an operation that squares to —1. 


To define a pin^ structure on W, one lifts the transition functions Mxy of the tangent 
bundle from 0(?7,) to Pin’'"(?7,)-valued functions Mxy. In dimension > 2, there is a possible 
obstruction to this (for example, MP^ admits no pin’*’ structure). If W does admit a pin’*’ 
structure, this structure is not necessarily unique; just like spin structures, pin’*’ structures 
differ by twisting by an element of H^{W, Z 2 ). A manifold with a choice of pin’*’ structure is 
called a pin’*’ manifold. 


If IF is a pin^ manifold, the transition functions Mxy, understood as before as x 
matrices, define a vector bundle V ^ W. We can define a spinor field tp that is a section 
of this bundle and the Dirac operator V = ilp can act on pj. But some of its properties are 
different from the orientable case, as we have seen in the main text and will discuss further 


in Appendix A.3 


If P —)■ IF is one pin’*’ structure, then just as in the spin case, any other pin’*’ structure 
\s V ® p for some real line bundle p —)■ IF. However, there is a new ingredient when IF 

^^Here we consider Majorana fermions, that is fermions coupled to gravity only, as is appropriate physically 
for a topological superconductor. In the presence of the U(l) gauge symmetry of electromagnetism, one can 
combine a spatial reflection with a gauge transformation, and define a symmetry for which acts on 
electrons with an arbitrary phase. Mathematically, this is related to a possible generalization from spin and 
pin structures to spin^, and pin,, structures. This generalization is useful in analyzing topological states of 
matter, but will not be relevant in the present paper. 
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is unorientable. There is then a canonical real line bnndle e —)■ W, namely the orientation 
bundle: the holonomy of e around a closed loop £ C IT is —1 if the orientation of W is 
reversed in going around i, and otherwise it is +1. V = V ® e is a. new pin^ structure on 
W that we call the pin’*' structure complementary to V. Concretely, the transition functions 
of V are obtained from the transition functions Mxy of V by reversing the sign of Mxy 
whenever it is in the orientation-reversing component of Pin’'"(n). 

Everything that we have just said for pin^ has an immediate analog for pin“ except that 
the obstruction to a pin” structure begins in dimension 4. 


A.3 Dirac Operators 

Consider a reflection in M”: 

X2,..., Xn) = 7l'0(-a;i, X2, . . . , Xn). (A.15) 

It is not difficult to see that such a reflection anticommutes with the Dirac operator 

n 

V = ilp = Dj. (A.16) 

i=i 


More generally, on a spin manifold IT, any orientation-reversing symmetry anticommutes 
with D. Suppose that IT has an orientation-reversing symmetry r that acts freely and obeys 
= 1. Then we can pass from IT to its quotient IT = IT/Z 2 . If in addition r acts as a 
symmetry of the spin bundle S —?• IT, still obeying = 1, then IT is endowed with two 
pin"*" structures V and V' that can be dehned as follows. A section of P —)■ IT is a section 
■0 of 5 —)■ IT that obeys 

T^|J = t/j, (A.17) 

and a section xjj' of P' —)• IT is a section of iS —)• IT that obeys 

Tip = —Ip. (A.18) 

Since the sign with which r acts on S depends on an arbitrary choice, the relationship 
between V and V is completely symmetrical. 


Consider any point p G IT and a path ^ from p to rpp). After dividing by r, ^ projects 
to a closed loop £ C IT around which the orientation of IT is reversed. The relative minus 
sign in eqns. (A.17) and (A.18) means that the monodromies around ^ of the pin”^ bundles 
V and V’ differ in sign. Thus V and V’ are complementary pin’*' bundles in the sense of 
Appendix |A.2[ 
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Every pin’^ manifold W arises in this construction, with W being the oriented double 
cover of W. 


Now suppose that is a fermion field on W valued in a particular pin’*' structure P. 
From what we have said, it is clear that the usual Dirac operator V = i cannot be 

defined as a self-adjoint operator acting on ip. On the covering space W, T> anticommutes 
with r, so it maps sections of V to sections of V and vice-versa. 


For odd dimension u, there is no way to remedy this situation and there is no self-adjoint 
Dirac operator acting on a P-valued field ^fJ. The upshot of this is that the corresponding 
path integral can be defined as the Pfaffian of a complex-valued antisymmetric bilinear 
form, but not as the determinant of a self-adjoint operator. Accordingly it is complex-valued, 
and in general it can be affected by a global anomaly involving a complex number of modulus 


1, not just a real number ±1. This issue was explored in the main text in section 4.2 


For even n, matters are different and there is always a self-adjoint Dirac operator acting 
on a fermion field valued in any given pin"*" structure V. This was assumed in the main 
text at several points and here we will explain the details. First we start on the orientable 
manifold W with spin structure S. As W is orientable, one can define a chirality operator 
7 that acts on S (and leads to a decomposition S = 5+ © 5_, where 5+ and are the 
bundles of positive or negative chirality spinors). Assuming that we want 7^ = 1, the proper 
definition of 7 depends slightly on whether n is congruent to 0 or 2 mod 4. For example, in 
2 dimensions (and similarly in 4fc + 2 dimensions for any fc), one defines 

(a.19) 

In 4 dimensions (and similarly in Ak dimensions for any fc), one omits the factor of i and 
defines 

7 = ^e*^''^7i7j7fc7/. (A.20) 


On an orientable manifold W of even dimension, instead of the usual Dirac operator 

V = ilj), we can use the alternate Dirac operator 

V = ^Ij). (A.21) 

V is self-adjoint, like D, and the two operators have the same spectrum, since they are 
conjugate. Indeed, if f/ = (1 — i7)/-\/2, then 

V' = UVU-\ (A.22) 

This depends on the fact that 7 commutes with the action of Spin(?7,) on the spinor repre¬ 
sentation, and thus commutes with the Spin(?7,) connection that is hidden in the definition 
of T>. 
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So on W, we could equally well use V or V'. However, if we want to descend to the un- 
orientable manifold W = IH/Z 2 , where Z 2 is generated by the orientation-reversing isometry 
r, then it is better to use V'. Indeed, since 7 and V are both odd under r, V' is even, so it 
descends to a perfectly good self-adjoint operator acting on the pin'*' bundle P of IV. 


In the main text, we sometimes write simply V rather than V' for the self-adjoint Dirac 
operator of an even-dimensional Pin"*" manifold W. A justification for this is that in fact up 
on W, what we mean by V or by V' depends on the choice of representation of the Clifford 
algebra. We can define new gamma matrices 


7 ' = f/7.D-i 


Concretely 


7 i = -177* 


if n = 2 
^epw7^7^7' if n = 4. 


In terms of the new gamma matrices, V takes the standard form 


k 


(A.23) 


(A.24) 


(A.25) 


(The covariant derivatives Dk take the same form in old or new gamma matrices. 


However, if we use the new gamma matrices, then the transformation law (A. 14) under 


a reflection (and therefore under any orientation-reversing element of Pin’^(n)) is modihed. 
It becomes 

-0 —)■ 17 ^ 7 ' ■ (A.26) 

(Here 7 ^ is the chirality operator constructed from the new gamma matrices; it coincides with 
7 .) Actually, this is the most common choice in particle physics in 4 spacetime dimensions]^ 
The reason that we started with (A. 14) instead, apart from the fact that it is fairly standard 


mathematically, is that it leads for many purposes to a formalism that works uniformly in all 
dimensions. It is hard to hnd conventions for fermions that are convenient for all purposes. 


B Examples In Low Dimension 


We will look more closely at low-dimensional examples that are important in this paper. 


44 T 


For example, see eqn. (2.33) of 50 , which however is written with an arbitrary phase for Dirac fermions, 


and also is a formula for the transformation of a fermion under parity (a reflection of all three spatial 
coordinates, not just one). 
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B.l Two Dimensions 


To describe spinors on we only need two gamma matrices, and we can pick real 2 x 
2 gamma matrices 71 = ai, 72 = < 73 . The group Spin(2) is generated by S = | 7 i 72 . 
Abstractly, Spin(2) is a copy of SO(2), with the spinors as the fundamental real 2-dimensional 
representation. But, because the eigenvalues of S are ±i/2 (not ±i), Spin(2) is a double cover 
of the original SO(2) that acts by rotations on 

To get Pin’'“(2), we include the reflections x* —)■ x* — 2w’‘w ■ x, acting by 

'ip ^ 'j ■ w 'ip. (B.l) 

This gives a real, 2-dimensional representation of Pin^(2). The group Pin’'"(2) is abstractly 
isomorphic to 0 ( 2 ), though it is a double cover of the usual 0 ( 2 ) that acts by rotation and 
reflection of 

Naively, one might think that one can dehne a second real, 2-dimensional representation 
of Pin’*'(2) in which a reflection acts by 

tp —)■ —7 ■ uipj. (B.2) 

Shortly we will see that something like this does work in 3 dimensions, but in 2 dimensions 
the two representations are conjugate under tp —)■ 7172 '?/’, which represents a tt rotation of 


Since the spinor representation of Pin’*'(2) is real, there is an antilinear operation 

rtp = tp\ 7^ = 1 (B.3) 

that anticommutes with the hermitian Dirac operator T>’ and ensures that on any 2-manifold, 
orientable or not, the spectrum is symmetric under A 77 —A. 

On an orientable 2-manifold, we can also dehne an antilinear operation 

TV = 7 ^*, (r')' = -l (B.4) 

that commutes with T) (or V) and ensures that the Dirac eigenvalues all have even multi¬ 
plicity. Here 7 = i 7 i 72 = 72 is the chirality operator. 

The reason that both structures exist is that, if we restrict to Spin(2), then the 2- 
dimensional spinor representation is reducible; it decomposes in 1 -dimensional representa¬ 
tions of positive or negative chirality which are complex conjugates to each other. Accord¬ 
ingly, the Dirac operator anticommutes with 7 and we can include it in dehning Th On an 
unorientable 2 -manifold, the dehnition of T makes sense, but 7’ can no longer be dehned, 
because 7 is not dehned globally. 
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B.2 Three Dimensions 


Now we go to 3 dimensions. For the 2x2 gamma matrices, we can take the Pauli a-matrices 

7a = aa, a = l,...,3. (B.5) 

The double cover of SO(3) that acts on spinors is Spin(3) = SU(2). Spinors transform in the 
spin 1/2 representation of SU(2). This representation is pseudoreal, since the trivial repre¬ 
sentation of SU(2) appears antisymmetrically in the tensor product 1/2 0 1/2. Concretely, 
the invariant antisymmetric tensor on the spin 1/2 representation of SU(2) is given by the 
2x2 Levi-Civita symbol Say, a, /d = 1, 2. If is a fermion held valued in this representation, 
then the corresponding “mass term,” often written as is 

{'ip.ip) = (B.6) 


The group Pin’'“(3) is obtained by adjoining to Spin(3) = SU(2) the rehection matrices 
y-tn for w a unit vector in Such a rehection matrix is a 2 x 2 unitary matrix of determinant 
—1. So Pin^(3) is the subgroup of U(2) consisting of matrices of determinant ±1: 

Pin+(3) = {(/e U(2)|det^ = ±1}. (B.7) 

In contrast to Spin(3), Pin^(3) has two inequivalent 2-dimensional irreducible representations 
R and R'. If 'ip and tp' are valued respectively in R and R!, then g G Pin’'"(3) acts on them 
by 

tp ^ gtp, p}'^ g{det g) p;'. (B.8) 

Thus the diherence is precisely that a spatial rehection (or any orientation-reversing trans¬ 
formation) acts on p) and pj' with opposite signs. The representations R and R' are both 
complex representations, meaning that they do not admit an invariant bilinear form. Indeed, 
the mass terms {p)^ pj) = eayp>°‘p>^ and {p)P p)') = EaypJ “t/ ^ ^ire both odd under rehection. 
Under pj ^ gpj, pj' ^ g det g pj', we have 

{p),p)) det c/ {p^,p^), {p^',p^') detg {p)Pp)'). (B.9) 

But the “oh-diagonal” mass term 

{pj,pj')=e^ypj^pj'^ (B.IO) 

that links two fermions tp and pj' that transform oppositely under R (or T) is invariant. 

Since there is always an invariant pairing between a representation of a compact group 
such as Pin’'"(3) and its complex conjugate, the invariance of the pairing {pj,p)') means that 
the representation R is isomorphic to the complex conjugate of R'. Indeed, one can show 
that the complex conjugates of the matrices g acting on representation R can be conjugated 
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by a unitary transformation to the corresponding matrices g det g acting on representation 
R!-. 


= fi-detfif. 

To show this, one can consider separately the cases that g = j 
g G Spin(3), with det (7 = 1. Eqn. (B.ll) is equivalent to TgT~^ = gdetg, where T is the 
antilinear operation that we introduce momentarily. 


(B.ll) 

tn is a reflection, and that 


On an orientable 3-manifold, the spinor representation of Spin(3) = SU(2) admits the 
invariant antisymmetric tensor e^is, as discussed above. Hence one can define an antilinear 
operation 

{Ti^r = (B.12) 

where ^|J*^ is the complex conjugate of 'ijj^. It obeys = —1, and commutes with the Dirac 
operator D. So there is a version of Kramers doubling: the eigenvalues of V all have even 
multiplicity. 


We have given a rather intrinsic definition of T, but some readers may also want to see 
a description in local coordinates. After picking a vielbein and “flat space” gamma matrices 
7 a = o'a, and writing /C for complex conjugation, one can define 

T = ICay, r^ = -l. (B.13) 

This operation can be defined using any vielbein, and because it is actually SU(2)-invariant, 
despite not being written in a way that makes this manifest, the definition of T does not 
depend on the choice of vielbein, as long as we consider only vielbeins that determine the same 
orientation on spacetime (i.e., as long as we allow only orientation-preserving transformations 
betwen vielbeins). 


A special case of the fact that the spectrum of the Dirac operator has even multiplicity 
on an orientable 3-manifold is that the mod 2 index of this operator vanishes. However, T 
anticommutes with the gamma matrices and hence with the reflection elements of Pin’*’(3). 
As a result, T cannot be defined as a transformation of spinor fields on an unorientable 3- 
manifold W. Going up to the oriented double cover W, with W = WIZ 2 , T can be defined 
but anticommutes with the orientation-reversing generator r of Z 2 . So if 7 /’ is a spinor field 
on W and T'lfj = ± 7 /’, then t{T^P) = Recalling the definition of the complementary 

pin’*’ structures V and V, we can interpret this statement on W. It means that although 
T cannot be defined to map sections of V to themselves or sections of V to themselves, it 
makes sense as a map from sections of V to sections of V' and vice-versa. This means, in 
particular, that V and V' have the same mod 2 index (not necessarily 0, as we know from 
section 3.2). In fact, T transforms a zero-mode of the Dirac operator V : V V to a. 
zero-mode of the adjoint Dirac operator V : V' V. 
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B.3 Four Dimensions 


In 4 dimensions, we need 4 gamma matrices. We can take them to be 4 x 4 matrices, but it 
is not possible for them to be all real. For example, we can take 

7i = CTI ® 1, 72 = (J2 0 1, 73 = cr3 0o-i, 74 = <73 0 cr3- (B-14) 

With this choice, 72 is imaginary and the others are real. 

The group Spin(4) is isomorphic to the product of two copies of SU(2), which we write as 
811(2)^ X SU(2)r. The action of Spin(4) commutes with the chirality operator 7 = 71727374 , 
and accordingly the 4-dimensional spinor representation of Spin(4) splits as the direct sum 
of two 2-dimensional representations with 7 = ±1. These are the representations (1/2,0) 
and (0,1/2) of SU(2)£ x SU(2)^. 


Those representations are both pseudoreal, simply because the 2-dimensional represen¬ 
tation of SU(2) is pseudoreal. So spinors of Spin(4) are pseudoreal. If we denote a held 
valued in the ( 1 / 2 , 0 ) representation as - 0 “ and one valued in the ( 0 , 1 / 2 ) representation 
as , then there are invariant antisymmetric tensors ea'ji' and ea"p" for the ( 1 / 2 , 0 ) and 
(0,1/2) representations, respectively. Each of these is uniquely determined by SU(2)£ or 
SU( 2 )r symmetry up to a constant multiple. 


To pass from Spin(4) to Pin^(4), we add rehection symmetries x* —>■ x* — 2w^{w ■ x). A 
rehection acts as usual by 

'll] ^ ^ ■ w%Ij. (B.15) 

Such a rehection exchanges SU(2)£ with 811(2)^, anticommutes with 7 , and exchanges (1/2, 0) 
with (0, 1 / 2 ). So the representation ( 1 / 2 , 0)©(0, 1 / 2 ) of Spin(4) is irreducible as a representa¬ 
tion of Pin^(4). There is only one such spinor representation of Pin’''(4), up to isomorphism, 
since a sign in eqn. (B.15) could be removed by conjugation with 7 . 


Spin(4) does not determine a relative normalization between ea"i 3 " and Sa'p'- However, 
a rehection that exchanges 811(2)^ with 811(2)^ maps a particular choice of to a choice 
of Sa'ip". With this choice, the sum Sa’p' © is an invariant antisymmetric bilinear form 
on the 4-dimensional spinor representation of Pin’*'(4). (Indices a, (3 can now be of either 
type a', 13' or a", (3".) 


This enables us to dehne an antilinear operation on spinors on a pin"*" 4-manifold W : 

(rv’)“ = (B. 16 ) 

Since = —1, the eigenvalues of the self-adjoint Dirac operator T>' on such a manifold have 
even multiplicity. 
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The reader might prefer to see T dehned explicitly using a local vielbein. Using the 
representation (B.14) for the flat space gamma matrices, the dehnition is 


r = /C72T (B.17) 

This commutes with Pin’*" (4), so this dehnition does not really depend on the choice of the 
vielbein and makes sense globally. 


B.4 Five Dimensions 


Naively, in this paper, we do not need to know about spinors and the Dirac operator in 5 
dimensions. But in Appendix we will want to know what the APS index theorem says 
about the 4-dimensional ? 7 -invariant, and for this one needs to know some facts about 5 
dimensions. 


In 5 dimensions, one can hnd a 4 x 4 representation of the Clifford algebra. One uses 
the 4 gamma matrices in eqn. (B.14). along with 75 = cxs ® (T 2 . Note that of the 5 gamma 
matrices, 2 are imaginary (72 and 75 ) and the others are real. 


Thus the group Spin(5) has a 4-dimensional spinor representation]^ The group Spin(5) 
is actually isomorphic to Sp(4), and its 4-dimensional spinor representation is simply the 
fundamental 4-dimensional representation of Sp(4). Sp(4) is dehned as the subgroup of U(4) 
that preserves a certain nondegenerate antisymmetric bilinear form, so in particular the 
4-dimensional representation of Sp(4) is pseudoreal and spinors of Spin(5) are pseudoreal. 


Concretely, on spinors of Spin(5), we can dehne an antilinear operation 

r = /C 7275 , r^ = -i. (B. 18 ) 

Thus on a 5-dimensional spin manifold (orientable for the time being), there is a form of 
Kramers doubling, and all eigenvalues of the Dirac operator have even multiplicity. 


So far all this parallels what happens in 3 dimensions. Now let us go to the unorientable 
case. Rehections are included in the usual way. The rehection x® —>■ x® — 2w\w ■ x) acts by 

Ip ^ ■ w)ip. (B.19) 

As in 3 dimensions, the sign is meaningful and gives two distinct 4-dimensional representa¬ 
tions R and E! of Pin’*'(5). However, there is an important diherence. In 3 dimensions, the 

'^^This representation is pseudoreal in Lorentz signature, so one needs to take two copies of it to make a 
sensible theory of fermions. This is not really relevant for our limited purposes here. 
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representations R and R' are complex representations that are complex conjugates of each 
other, but in 5 dimensions, they are each pseudoreah To see this, we just observe that the 
antilinear operation T dehned in eqn. (B.18) commutes with a reflection acting as in eqn. 
(B.19). So T can be dehned separately in R and in R!, and these representations are both 
pseudoreah At an elementary level, the difference from 3 dimensions is that in 5 dimensions, 
the number of gamma matrices that are imaginary is even. 


As in any odd dimension, there is no self-adjoint Dirac operator acting on a held valued 
in a particular pin"*" structure; rather pin’*' structures come in complementary pairs "P, V 
that are exchanged by the Dirac operator. We can dehne the index of the Dirac operator 
X as the number of zero-modes of P ; P —)■ P' minus the number of zero-modes of the 
adjoint operator P : P' —)■ P. This index is 0 on a hve-manifold without boundary, but on a 
manifold with boundary (and with APS boundary conditions), it can be nonzero, as we will 
learn in Appendix However, X is always even because the antilinear symmetry T ensures 
that the number of zero-modes of P acting on either P or V' is even. 


C The 77-Invariant In Four Dimensions 


In section 4A and 4T, we needed some facts about the 77 -invariant in P = 4. Analogous 
facts in P = 2 were invoked in section Our goal in this appendix is to briehy explain 
these facts. (The arguments we give are similar to the original ones [48].) 


Our hrst goal is to show that in P = 4, 77 is always an integer multiple of 1/4, so 
that exp(—i 7 r? 7 / 2 ) is always a 16*^ root of 1. The nontrivial case is that X is unorientable; 


otherwise 77 is a multiple of 2, as remarked at the end of section |4.3[ Suppose that X has pin"^ 
structure P and complementary pin"*" structure V = V ® e, where £ is a real line bundle, the 
orientation bundle of X. We can dehne 77 -invariants 77 ^, 77 ^/ for a Majorana fermion valued 
in either of these pin"*" structures. 


A hrst useful relation is that 


Tj-p + rjp/ = 0 mod 4. (C.l) 

The point is that a Majorana fermion on X coupled to P together with a Majorana fermion 
on X coupled to V' combine together to a Majorana fermion coupled to a spin structure 
on X, the oriented double cover of X. So 77 -p -|- 77 -p/ = 77 , where 77 is the 77 -invariant of 
the Majorana fermion on X. Because X is orientable and also has an orientation-reversing 
symmetry (the quotient by this symmetry being X), 77 is a multiple of 4, as remarked at the 
end of section 14.31 
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We need one more relation, which is that 


Srj-p' = Srj-p mod 4. 

Together, these relations imply that rj-p and rjp/ are both multiples of 1/4. 


(C.2) 


To explain eqn. (C.2), is helpful to generalize the problem a little. Let C —)■ X be any 
real vector bundle. We consider the Dirac operator Vy acting on fermions valued in V, 
that is, acting on sections of V ® V. For any V, we can define rjp^v, fhe r^-invariant of 
the Dirac operator acting on such a field. Here T]p^v, for any V, is a topological invariant 
(independent of the metric of X and the connection on V) mod 4. This follows from the 


APS index theorem, which in odd dimensions takes the simple form (2.47). To apply the 


theorem without assuming that X is a boundary, we consider the 5-manifold Z = X x [0,1] 
with one metric and gauge held {g,A) at one end and some other {g',A') at the other end. 
The theorem then says that the difference of —g/2 between the two ends is equal to X, the 
index of the Dirac operator on Z with APS boundary conditions. This index is always even. 


as explained in section B.4 so the difference between the two values of ?7 is a multiple of 4. 
More directly, what is happening is that as we vary {g, A) on a manifold of even dimensions, 
Tj is constant except that it jumps by 2 when an eigenvalue passes through 0. In 4 dimensions, 
the eigenvalues have even multiplicity because of a version of Kramers doubling, so the jumps 
are multiplies of 4 and g is a topological invariant mod 4. 


We can interpret 8gpi as gpt^v where V = e®® is the direct sum of 8 copies of the real 
line bundle e. Similarly 8gp = where is a trivial real vector bundle of rank 8. So 

to establish eqn. (C.2), it suffices to prove that e®® is trivial, that is isomorphic to M®. 


To show that a real vector bundle V over a 4-manifold X is trivial, it suffices to show 
vanishing of Stieffel-Whitney classes Wi{V), 1 < * < 4, and also of a certain class A G 
i7^(X, Z) that is subtle to define, but that obeys 2A = PiiV), where pi is the hrst Pontryagin 
class. 


For the first point, the total Stieffel-Whitney class of V is w(y) = tc(e®®) = w{e)^ = 
(1 -)-tCi(£))® = 1, where in the last step we use the fact that the relevant binomial coefficients 
vanish mod 2. So Wi{V) = 0 for i > 1. 

To show vanishing of A(K), we hrst write V = Vo Q) Vq, with Vq = So A(K) = 
2A(Vo) = Pi (ho)- So we are reduced to showing that pi(Vo) = 0. To compute pi(Vo), we 
observe that the complexihcation of Vq is the direct sum of 4 copies of ec = ^ C. In 
general, if Vq is a real vector bundle whose complexihcation is ©*£* for some complex 
line bundles £* —)■ X, then pi(Vo) = ^he present case, this formula gives 

Pi(ho) = 4ci(ec)^, and this vanishes because ci(ec) is 2-torsion. The last statement is a 
general one that holds for £c = e ©r C for any real line bundle e over a topological space. 
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This completes the proof that exp(—i7rr7/2) is a 16*^ root of 1. 

We also want to show that for X = MP^, exp{—Tii7]/2) = exp(±2i7r/16), with the sign 
depending on the choice of Pin’*' strnctnre. We start on the five-torns T® parametrized by 
variables xi,... ,X 5 of period 1. We give a spin strnctnre in which spinors are periodic in 
all directions. The spin bnndle S of T® has rank 4, since the spinor representation of SO(5) 
is 4-dimensional. 

The Dirac operator V = i0 on is self-adjoint, so its index certainly vanishes. Now 
we replace T® by l'L2i where Z 2 acts by P : —>■ —x,, z = 1,..., 5. Here T^/Z 2 is not a 
manifold, and we will correct for that in a moment. We define 7/+ and to be the spaces 
of spinor fields on that obey, respectively, '0(—x) = '0(x) and z/^(—x) = —'0(—x). Becanse 
T) anticommutes with P, it maps to l-L-, and vice-versa. We define the index X of X on 
T®/Z 2 to be the number of zero-modes of X acting on minus the number of zero-modes 
of X acting on Xi^. (These operators are adjoints of each other since the full Dirac operator 
acting on © XL- is self-adjoint.) 

It is straightforward to compute X. The zero-modes of X acting on XLj^ are the 4- 
dimensional space of constant spinors, and there are no zero-modes of X acting on XL-. So 
the index is X = 4. 


Now, TVZ 2 is not a manifold because P has 32 fixed points: the points with coordinates 
Xj G Z/2, z = 1,..., 5. To get a manifold, we remove from a small ball around each fixed 
point to get a manifold T' with boundary. The quotient of T' by P is then a manifold X 
with a boundary that consists of 32 copies of MP"^. X acquires two pin’*' structures X, V 
whose sections are spinor fields on T' that are even or odd under P. The Dirac operator X 
maps sections of V to sections of X', and vice-versa. As such it has an index X. A fairly 
elementary argument)^ using the conformal invariance of the Dirac operator shows that the 
Dirac index on W, with APS boundary conditions, has the same value X = 4 found in the 


last paragraph on T®/Z 2 . In odd dimensions, as in eqn. (2.47) the APS index theorem just 
says that rj/2 = —X, where X is the Dirac index on a manifold T' and r] is the z^-invariant 
of its boundary. In the present case, the boundary consists of 32 copies of MP'^ (all with 
the same pin"*" structure, since they are permuted by obvious symmetries). So the formula 
becomes 16z7j5p4 = —X = —4, or = —1/4. 


Near one of the fixed points of the action of P on T®, we can replace r®/Z 2 by M®/Z 2 with Euclidean 
metric dt^ = dx^. A Weyl rescaling converts this to d^ = ASX ■ (l -I- l/|xp). Near a: = 0, this has the 


tubelike behavior that we described in introducing APS boundary conditions (see fig. of section 2.1.81. 
In this case, the tube is a copy of MP"* x IR_|_. Because of the conformal invariance of the Dirac equation, 
a Z 2 -invariant solution of the Dirac equation on K® that is regular at x = 0 is equivalent to a solution 
that is square-integrable in the tubelike geometry. So we can equally well compute the index T by counting 
regular solutions in the original T® geometry or by counting square-integrable solutions after making a Weyl 
transformation to replace the 32 fixed points by tubes. But the definition of APS boundary conditions 
ensures that the latter procedure is equivalent to the index computed on X with APS boundary conditions. 
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We leave it to the reader to show in a similar way that in 2 dimensions, exp(—i 7 rr 7 / 2 ) is 
an 8 *^ root of 1 , and %p 2 = ibl/ 2 . 
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